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“Compute has been the oxygen of deep learning”
— llya Sutskever (Open Al)
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GPU Usage for ImageNet Challenge
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Challenges

From EE Times — September 27, 2016

“Today the job of training machine learning models is limited by
compute, if we had faster processors we’d run bigger models...in
practice we train on a reasonable subset of data that can finish in a
matter of months. We could use improvements of several orders of
magnitude — 100x or greater.”

— Greg Diamos, Senior Researcher, SVAIL, Baidu

MIT 6.5900 Fall 2024
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Compute Demands Growing Exponentially
AlexNet to AlphaGo Zero: A 300,000x Increase in Compute

I
Deep and steep

Computing power used in training Al systems
Days spent calculating at one petaflop per second*, log scale
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The Economist
Source: https://www.economist.com/technology-quarterly/2020/06/11/the-cost-of-training-machines-is-becoming-a-problem
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What is Moore’s Law

« every two years*
« CPU performance will double every two years*
« Chip performance will double every two years*

 The speed of transistors will double every two years*
« Transistors will shrink to half size every two years*

* Transistors per die will double every two years*

« The economic sweet spot for the number of devices on a chip will double
every two years*

*Or 18 months...
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Compute Demands for Deep Neural Networks

Common carbon footprint benchmarks
in Ibs of CO2 equivalent

Roundtrip flight b/w NY and SF

(1 passenger) | 1,984

Human life (avg. 1 year) I 11,023
American life (avg. 1 year) . 36,156

US car including fuel (avg. 1
lifetime) 126,000

Transformer (213M

parameters) w/ neural 626,155

architecture search

Chart: MIT Technology Review [Strubell, ACL 2019]
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Energy and Power Consumption

« Energy Consumption = a x C x V?

/TN

Switching Capacitance  Voltage
activity factor

(between O to 1)

 Power Consumption = axC x VZ2xf

\

Frequency
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Dennard Scaling (idealized)

Gen X

Gate Width [ ]
1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X
Gate Width [ ]
1.0
Device Area/
Capacitance

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X
Gate Width [ ]
1.0
Device Area/
Capacitance
Voltage

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X
Gate Width [ ]
1.0
Device Area/
Capacitance
1.0
Voltage 1.0

Energy ~1.0x1.02=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X
Gate Width [ ]
1.0
Device Area/
Capacitance
1.0
Voltage 1.0

Energy ~1.0x1.02=1.0

Delay

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X
Gate Width [ ]
1.0
Device Area/
Capacitance
1.0
Voltage 1.0

Energy ~1.0x1.02=1.0

Delay
Frequency 1/1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X
Gate Width [ ]
1.0
Device Area/
Capacitance
1.0
Voltage 1.0

Energy ~1.0x1.02=1.0

Delay
Frequency 1/7.0=1.0
Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ]
1.0
Device Area/
Capacitance
1.0
Voltage 1.0

Energy ~1.0x1.02=1.0

Delay
Frequency 1/7.0=1.0
Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ] ]
1.0 0.7
Device Area/
Capacitance
1.0
Voltage 1.0

Energy ~1.0x1.02=1.0

Delay
Frequency 1/7.0=1.0
Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ] ]
1.0 0.7
Device Area/
Capacitance
Voltage 1.0

Energy ~1.0x1.02=1.0

Delay
Frequency 1/7.0=1.0

Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ] ]
1.0 0.7
Device Area/
Capacitance
Voltage 1.0

Energy ~1.0x1.02=1.0

Delay
Frequency 1/7.0=1.0

Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ] ]
1.0 0.7
Device Area/
Capacitance
Voltage 1.0 0.7

Energy ~1.0x1.02=1.0

Delay
Frequency 1/7.0=1.0

Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ] ]
1.0 0.7
Device Area/
Capacitance
Voltage 1.0 0.7
Energy ~1.0x1.02=1.0 ~2x0.7x0.72=0.65
Delay
Frequency 1/7.0=1.0

Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ] ]
1.0 0.7
Device Area/
Capacitance
Voltage 1.0 0.7
Energy ~1.0x1.02=1.0 ~2x0.7x0.72=0.65
Delay
Frequency 1/7.0=1.0

Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1
Gate Width [ ] ]
1.0 0.7
Device Area/
Capacitance
Voltage 1.0 0.7
Energy ~1.0x1.02=1.0 ~2x0.7x0.72=0.65
Delay
Frequency 1/1.0=1.0 1/0.7 =14

Power ~1.0x1.02x1.0=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Dennard Scaling (idealized)

Gen X Gen X+1

Gate Width [ ] ]
1.0 0.7

Device Area/
Capacitance
Voltage 1.0 0.7
Energy ~1.0x1.02=1.0 ~2x0.7x0.72=0.65
Delay
Frequency 1/1.0=1.0 1/0.7 =14
Power ~1.0x1.02x1.0=1.0 ~2x0.7x0.72x1.4=1.0

[ Dennard et al., "Design of ion-implanted MOSFET's with very small physical dimensions®, JSSC 1974 ]
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Technology Trends

lr:mblblun

December 2, 2024

performance
=

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020 2025 2030

Figure 2. Sources of computing performance have been challenged by the end of Dennard scaling in 2004. All additional
approaches to further performance improvements end in approximately 2025 due to the end of the roadmap for improvements
to semiconductor lithography. Figure from Kunle Olukotun, Lance Hammond, Herb Sutter, Mark Horowitz and extended by John
Shalf. (Online version in colour.)
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During the Moore + Dennard’s Law Era

* Instruction-level parallelism (ILP) was
largely mined out by early 2000s

« Voltage (Dennard) scaling ended in 2005
« Hit the power limit wall in 2005

* Performance is coming from parallelism
using more transistors since ~2007

 But....
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Technology Trends
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Architecture Metrics

Speed — The rate at which the hardware finishes tasks. Limited by the number of
computation units and their utilization.

Energy — The total energy, e.g., in Joules, consumed to perform a task. Often
constrained by battery capacity or desire to reduce carbon footprint.

Power — The rate at which energy is consumed, e.g., in Watts. Often limited by
delivery or packaging constraints

Accuracy — The precision of the results produced. Can be dictated by bit width of
compute units.

Flexibility — The range of problems that can be solved, which is constrained by the
limitations of the architecture.

MIT 6.5900 Fall 2024
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Deep Learning Platforms

- CPU
— Intel, ARM, AMD...

- GPU
— NVIDIA, AMD...
* Fine Grained Reconfigurable (FPGA)
— Xilinx, Altera (Microsoft BrainWave)
« Coarse Grained Programmable/Reconfigurable
— Wave Computing, Graphcore, Samba Nova...
» Application Specific
— Neuflow, *DianNao, Eyeriss, TPU, Cnvlutin, SCNN, ...
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There Are Myriad Tensor Accelerators

E Image

Scratch Pad
(12x16b REG) =

Buffer

1
— 1 Enable
1

2-stage
pipelined
multiplier

Accumulate
Input Psum
1

Filt = [T

Filter

Scratch Pad
(225x16b SRAM)

Output

===
Psum

Input
Psum

l
Partial Sum 0 1
Scratch Pad 0
(24x16b REG)

Eyeriss [JSSC2017]

OARAM
(sparse)
indices

December 2, 2024

F
Coordinate Pl
ﬂlﬂ- Computation 7 |
Weight FIFO F e |
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SCNN [ISCA2017]

Selected tensor accelerator designs

Weights Psums Out

Input Activations

lact lact i i Psum
Addr Data SPad
SPad SPad [

32x20b
9x4b 16x12b
Regs Regs

Psums In

Eyeriss V2 [JETCAS2019]

ExTensor Accelerator PE array PE

artial Output PE Coordinatol
s Buffer (P0B) || ——T—T1——1— | (contains PE b
§ ]| Datapath
a Last level A

buffer (LL8) I ———F——1—] @ ®

| - -
Seguencer + Scanners coord'i'ﬁétors

ExTensor [MICRO2019]
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Main memory
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Separation of Concerns

[TeAAL, Nayak et.a. MICRO 2023]
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Separation of Concerns

[TeAAL, Nayak et.a. MICRO 2023]
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Separation of Concerns

[TeAAL, Nayak et.a. MICRO 2023]
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Separation of Concerns

[TeAAL, Nayak et.a. MICRO 2023]
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Separation of Concerns

[TeAAL, Nayak et.a. MICRO 2023]
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Separation of Concerns

[TeAAL, Nayak et.a. MICRO 2023]
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What Can Einsums Do For You?

« Simultaneously more precise and concise representation

« Extends tensor algebra far beyond matrix multiplication

* Now includes algorithms for: Al, graphs, fft, crypto, point cloud
 Intermediate point between GEMM and full programmability
 Allows for bounds analysis (SoL) on compute and data movement
« Admits of optimization via algebraic transformations

 Tip of the pyramid of separation of concerns
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Tensors

Rank-0: Scalar
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Tensors

Rank-0: Scalar Rank-1: Vector
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Tensors

Rank-0: Scalar Rank-1: Vector

Rank-2: Matrix
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Tensors

Rank-0: Scalar Rank-1: Vector

Rank-2: Matrix Rank-3: Cube
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Tensors

Rank-0: Scalar Rank-1: Vector

gaamw svMT

Rank-2: Matrix Rank-3: Cube
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Tensors

Rank-0: Scalar Rank-1: Vector

gaamw svMT

Rank-2: Matrix Rank-3: Cube

Aiik
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Tensor Data Terminology

W
Ranks (
H
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Tensor Data Terminology

{ 0 1 2

|

Coordinates
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Tensor Data Terminology

Ranks

17  p= Coordinates

Coordinates
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Tensor Data Terminology

Ranks

17  p= Coordinates

Coordinates

« The elements of each “rank” (dimension) are identified by
their “coordinates”, e.g., rank H has coordinates 0, 1, 2
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Tensor Data Terminology

Ranks

17  p= Coordinates

2

—

v \ ..
Coordinates Point (1,2)

« The elements of each “rank” (dimension) are identified by
their “coordinates”, e.g., rank H has coordinates 0, 1, 2
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Tensor Data Terminology

Ranks

17  p= Coordinates

2

—

Coordinates \ Point (1,2)
« The elements of each “rank” (dimension) are identified by
their “coordinates”, e.g., rank H has coordinates 0, 1, 2

« Each element of the tensor is identified by the tuple of
coordinates from each of its ranks, i.e., a “point”.
So (1,2) ->“f
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Tensor Data Terminology

1T

17 ¢—Coordinates 3 or[0,3) Shape (H)
2 |

\ Point (1,2)

Ranks

Coordinates

« The elements of each “rank” (dimension) are identified by
their “coordinates”, e.g., rank H has coordinates 0, 1, 2

« Each element of the tensor is identified by the tuple of
coordinates from each of its ranks, i.e., a “point”.
So (1,2) ->“f
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Matrix Multiply

A
P4
2
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Matrix Multiply

A
P4
2
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(09
| I | I

for

Matrix Multiply — Compute

.

Tensor(shape=[M, K])
Tensor(shape=[N, K])
Tensor(shape=[M, N])
n in [0..N):

for m in [0..M):
for k in [0..K):
Z[m][n] += A[m][k] x B[n][k]
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Matrix Multiply — Compute

.

Mapping

)
1)
)

A = Tensor(shape=[M,
B = Tensor(shape=[N,
Z = Tensor(shape=[M,

for n in [@..N):
for m in [0..M):

= AN AN

for k in [0..K):

Z[m][n] += A[m][k] = B[n][k]

MIT 6.5900 Fall 2024
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(09
| I | I

for

Matrix Multiply — Compute

.

AERNER.

Tensor(shape=[M
Tensor(shape=[N
Tensor(shape=[M

J

\o

J

n in [0..N):
for m in [0..M):

)
1)
)

= AN AN

for k in [0..K):

Z[m][n] += A[m][k] = B[n][k]
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(09
| I | I

for

Matrix Multiply — Compute

LB

AERNER.

Tensor(shape=[M
Tensor(shape=[N
Tensor(shape=[M

J

\o

J

n in [0..N):
for m in [0..M):

)
1)
)

= AN AN

for k in [0..K):

Z[m][n] += A[m][k] = B[n][k]
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(09
| I | I

for

Matrix Multiply — Compute

LB

AERNER.

Tensor(shape=[M
Tensor(shape=[N
Tensor(shape=[M

J

\o

J

n in [0..N):
for m in [0..M):

)
1)
)

= AN AN

for k in [0..K):

Z[m][n] += A[m][k] = B[n][k]
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]

December 2, 2024 MIT 6.5900 Fall 2024 L23-23



Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)
- At each point in iteration space:

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)
- At each point in iteration space:
- Calculate value on right hand at specified indices for each operand

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)

- At each point in iteration space:
- Calculate value on right hand at specified indices for each operand
- Assign value to operand at specified indices on left hand side

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)

- At each point in iteration space:
- Calculate value on right hand at specified indices for each operand
- Assign value to operand at specified indices on left hand side
- Unless that operand is non-zero, then reduce value into it

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — Matrix Multiply

Zm,n — 2 Am,k X Bn,k
k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)
- At each point in iteration space:
- Calculate value on left hand at specified indices for each operand
- Assign value to operand at specified indices on right hand side
- Unless that operand is non-zero, then reduce value into it

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — Matrix Multiply

Zm,n Am,k X Bn,k

k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)
- At each point in iteration space:
- Calculate value on left hand at specified indices for each operand
- Assign value to operand at specified indices on right hand side
- Unless that operand is non-zero, then reduce value into it

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Einsum — More notation

MNN _ MK N,K
Z‘m,n T Am,k X Bn,k

Superscript represents the name of rank of the tensor
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Einsum — More notation

MN _ MK N, K
Z‘m,n T Am,k X Bn,k

Superscript represents the name of rank of the tensor

M=3,N=3 _ ,M=3,K=6 N=3,K=6
Lmn = Ap X B,

Equals in superscript represents the shape of the rank of the tensor,
by default rank shape is assumed to be same as rank name

December 2, 2024 MIT 6.5900 Fall 2024 L23-25



December 2, 2024

Einsum-level analysis - MM

MN _ MK N, K
Zm,n o Am,k X Bn,k

Number of multiplies:
M X N X K

Minimum amount of data to read:

M XK +NXK

Minimum amount of data to write:

M X N

MIT 6.5900 Fall 2024
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Einsum-level analysis — M dot products

M _ iMK M,K

Number of multiplies:
M X K

Minimum amount of data to read:
MXK+MXK

Minimum amount of data to write:
M
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)

- At each point in iteration space:
- Calculate value on right hand at specified indices for each operand
- Assign value to operand at specified indices on left hand side
- Unless that operand is non-zero, then reduce value into it

[Relativity, Einstein, Annelen de Physik, 1916]
[Numpy/Einsum Python, ~2015]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]
[SAM, Hsu et.al., ASPLOS 2023]
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Convolution (CONV) Layer

Filter Weights

I/
—

«— 3y—>
\

®

Input fmaps (N)

c’
C

2

H

A
v

MIT 6.5900 Fall 2024

®

Output fmaps (N)

M7
l *

Ik

«— Q—

Activations
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CONV Computation

input fmap output fmap
filters >
TB/ il
2 || Z o
1

— 2 — i i Incomplete partial sum

MIT 6.5900 Fall 2024
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CONV Computation

Cycle through input fmap and weights (hold psum of output fmap)

filters
¥
[
2
!

«—N —

December 2, 2024

input fmap output fmap
“ e —
3 T
2
N\ - 3 S / = 2 o

___________________
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CONV Computation

Cycle through input fmap and weights (hold psum of output fmap)

filters
3
[
2
!

December 2, 2024

Z”;{T

input fmap output fmap
“ e —
3 T
2
N\ - 3 S / = 2 o

___________________
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CONV Computation

Cycle through input fmap and weights (hold psum of output fmap)

filters

A

«~—N—

«—N —

December 2, 2024

input fmap output fmap

3
< —
3 | 11
------- 2t l
< 3 > / < 2 '

___________________
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CONV Computation

Cycle through input fmap and weights (hold psum of output fmap)

filters

2

«~—N—

«—N —

«— 2 —

December 2, 2024

3 input fmap output fmap

o .

3 8’
2 |

___________________
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CONV Computation

Start processing next output feature activations

filters

A

«~—N—

«—N —

December 2, 2024

input fmap output fmap
“ R
|
3 2 L--.Exa
N\ - 3 S / = 2 o

___________________
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CONV Computation

Cycle through input fmap and weights (hold psum of output fmap)

filters
3
[
2
!

December 2, 2024

Z”;{T

input fmap output fmap
“ R
=
3 2 L--.Exa
N\ - 3 S / = 2 o

___________________
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CONV Computation

Cycle through input fmap and weights (hold psum of output fmap)

filters

A

«~—N—

«—N —

December 2, 2024

; input fmap output fmap
“ R
=
(| 2 L__.#B
\\ 3 S // 2 o

___________________
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CONV Computation

Cycle through input fmap and weights (hold psum of output fmap)

filters
3
[
2
!

«—N —

«— 2 —

December 2, 2024

input fmap output fmap

“

___________________
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CONYV Layer Implementation

Naive 7-layer for-loop implementation:

for n in [0..N):

f i 90..M):
U AR L for each output fmap value

for p in [0..P):

" o[nl[mIlpllal ;B[m];
for r in [0..R):
Coqvolve for s in [0..S):
a window J for ¢ in [@..C):
and apply } Oo[n][m]lpllq]l += I[n][c][Up+r][Ug+s] x F[m][c][r][s];
activation }
.
O[n][m][p]llg] = Activation(O[n][m][p][ql);
}
}
}
}
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Einsum - Convolution

Op,q,m — 1c,p+r,q+s X Fm,c,r,s

* N — Number of input fmaps/output fmaps (batch size)

« C — Number of channels in input fmaps (activations) & filters (weights)
« H - Height of input fmap (activations)

« W — Width of input fmap (activations)

* R - Height of filter (weights)

« S — Width of filter (weights)

M — Number of channels in output fmaps (activations)

« P — Height of output fmap (activations)

« Q- Width of output fmap (activations)

« U — Stride of convolution
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CONV Variants

-Depthwise layer - M == Cand V, .\, F =0

cm,r,Ss

- Pointwise layer - R == S5 == 1

- Matrix multiply - R == S == H ==

-Expand (pointwise)- M > Cand R == S == 1

- Compress (pointwise) - M < C and R

Compress...Expand sequences are called a “bottleneck”
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Toeplitz (IM2COL) Cascade

Op,q,m — 1c,p+r,q+s X Fm,c,r,s

Tc.p,q,r,s — Ic,p +7,q+S

0

p,gm — Tc,p,q,r,s X Fmcrs

MIT 6.5900 Fall 2024
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Conventional Transformer Diagram

This time, composition
of many kernels

Not a precise description
of functionality.

Output
Probabilities
-
Add & Norm )
Feed
Forward
' 1 ™\ Add & Norm  J—
Flg & i Multi-Head
Feed Attention
Forward 7 Nx
S e
N Add & Norm Je—,
¢—>| Add & Norm | Masked
Multi-Head Multi-Head
Attention Attention
At At
— J \ —
Positional o) @ Positional
Encoding Encoding
Input Qutput
Embedding Embedding
Inputs OQutputs
(shifted right)

Figure 1: The Transformer - model architecture.

[Attention, Vaswani et al. 2016]
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Multi-head Attention (without initial embedding step)

Kphme = lpma X WKgne

Qbhme = Ipbma X W0Qghe
QKBMP=M _ (BHME

b,h,m,p b,h,p,e X Kb,h,m,e

SNb,h,m,p = exp(QKb,h,m,p)
SDpnp = SNpnmp

Ap hmp = SNy hmp/SDp,np

Vonmyr = Ibma X WVanr

B,HP=MF _
AVpror " = Aprmp X Vbnms
B,P=M,G=HXF _
Cb,p,hxF+ f — AVb,h,p,f

Zb,p,d —_ Cb,p,f X WZg,d
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Separation of Concerns
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Ideas for Sparse Attention in Transformers

Base transformer [Vaswani et al. 2016]

Qb,e,h,m = Ib,d,m X WQd,e,h : \/ +(U)
d

Kipehm = Ipam X WKgep : V+(U)
d

Vo g hm = Ioam X WVqzh: \/+(U)
d

_ 1
QEpIMT™M = — % QEEEM x Kyopm + \[ +(U)

b,h,m,p /E b,e,h,p
B,H,M,P:M o QKb,h,m,
SNohmp™ — =€

SDp M = SNy pmp + \[ +(V)

Aphymp = SNphmp/SDppyp

A‘/b,f,h,p - Ab,h,m,p X V.b,f,h,m : V +(U)
m

Zbdp = Cogp X Wiy : v +(U)
g

MIT 6.5900 Fall 20 _ .

SpAtten [Wang et al. 2020]

IP;pgm = MTpm X IKVygm

Qipenr =MHpp X IQoar X WQaen : v +(V)
d

Kibenm = MHipp % IPyam x Waen : \[ +(U)
d

Vipshm =MHipp X IPogm x WVazn: \[ +(U)
d

1
QKiphmr = —= X Qipenr X Kiperm : V +(U)

VE

Kb mor
SN;phmy = €3 b

SD;ppr = SNiphmr \/ +(U)

Aiphmr = SNiphmr/SDiphr

AVipphe = Aippme X Vinppm 2 \ +)

B,G=HxF,R __ ‘
Ci,b,h*F+f,r *AV;JJ,M,T

Zipar = Cipgr x Wyg: V +()
g

ZAipshr = ZipheFifor
MTii1m = prune(Aippmr) X MTipm
MH; 1pp = prune(ZAipfnr) X MH;pp
STiv1pn = STipm + Aippmer

SH; 1pp=SHippn+ZApfhr
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Ideas for Sparse Attention in Transformers

Base transformer [Vaswani et al. 2016]

Qbehrm = Ipdm X WQgen : \/ +(V)
d

Kienm = Ipam X WKgep : V+(U)
d

Voihm = Todm X WVqzp v +(V)
d

1
— X
VE

B,HM,P=M __ _QKihmp
SN, b,h,m,p €

SD; M = SNyhmp = \[ +(V)

B,H M ,P=M B,E,H,M .
QKb,;L,’fT;,,p’ - Qb,é,h,p X Kb:eah:m : v —I_(U)
€

Ap himp = SNphmp/SDbhyp
AVt hp = Aopmp X Vo pim : \ +(U)
m

Zbdp = Cogp X Wayg : v +(U)

g

MIT 6.5900 Fall 2024

Sanger [Lu et al. 2021]

Qb ehm = Todm X WQadeh V +(V)
d

Kb,&h,m = Ib}d,m X WKd,e,h z \/ +(U)
d

Vo.sm = Joam X WVqpp V +(U)
d

Qb,c,h,m = Qt(Qb,e,h,m)

Kb.@h,m = Qt(Kb‘eﬂh,m)

~ B.HM,P=M 1

QKb.h,m.p - \/E

5 K,
SNb,h,m,p = GQ bh,m,p

X Qf]f;f’M X Kb,e,h,m : \/ +(U)
e

SDipp = SNopmp : V +(U)

As hmp = SNspmp/SDohp
My pmp = p’rune(}ib,h,m,p)

HMP=M _ 1 B,E,H,M .
QK fmp = X Mypmp % Qperip’ X Koenm +(U)
€

vE

SN[,B;;I;IT;];{’P=M — e@Konmp
Jhym,

SDfii’P:M = SNopmp: \/ +(U)
m

BHMP=M _
Ay =SNonmp/SDonp

AVt P = Appmp X Vosam : \ +(U)
m

B,G=HxF,P=M __
Cb,h*FJr f.p - AVbJ 2h.p

Zf&ﬁ’P:M =Chgp X WZyy: \/ +(U)
g
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Ideas for Sparse Attention in Transformers
Base transformer [Vaswani et al. 2016] EdgeBERT [Tambe et al. 2021]

Qvenm = Ipam X WQaep : V +(V) M H,, = take(My, ,, ,, zeroes(m,p),0)
d

Qbepm = MHp X Iy g X WQgep : V +(V)
Kyenm = Ipgm X WKgep : \/ +(U) d

d
Kpehm=MHp X Iygm X WKgep : v +(U)
Voshm = Toam X WVapn: \[ +(U) d
‘ Vo s hm = MHy X Inam X WVarn: \[ +(V)

d

B.H .M P=M 1 B.E,H.M _
Qhijmp = g < Uiy X Ko =\ +()
[

BHMP=M 1 B,E,H,M .
QKb’h,n:,’p , o !'E X Qb,é,h:p ’ X Kb’e’h’m . V +(U)
GNBHMP=M _ QKinp ‘
b:hamap SNB;HaM:P:M — eQKb.h,m_.p

bh,m,p

SDyhy" " = SNppmp : \ +(U) .
hp map \m/ SDE M = SNyhmyp + \[ +(V)

Abhmp = SNonmp/SDopp Aphmp = SNohmp/SDopp

AI/vb’f’h’p - Ab’h7m7p X ‘/b,f’h’m : \/ +(U) A%,fah:p = Mh)map X Ab1h;m1p X %)f}h?m : v+(U)
m m
B,G=HxF,P=M __ B,G=HxF,P=M
Ob,hXF-}—f,p - A‘/b,f,h,p Cb,h*F-i—f},(p - A%,f,h,p
B,D,.P=M .

Zb,d,p - vagvp X WZdag . V +(U) Zb:d’p o Ob,g,p . WZd’g ' v +(U)

g

g
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Ideas for Sparse Attention in Transformers

Base transformer [Vaswani et al. 2016]

Qb,e,h,m = Ib,d,m X WQd,e,h : v +(U)
d

Kipehm = Tpam X WKgep : V +(V)
d

Vighm = Togm X WVqzp \/+(U)
d

_ 1
QKB’H’M’P M_ _—_ X B,B,H,M X Kb,e,h,m : \/—I—(U)
€

b,h,m,p /E b,e,h,p
B,HM,P=M QKb,h,m,
SNohmp ™ =€ M

SDy M = SNypmyp = \/ +(V)

Appmp = SN hmp/SDopyp

A%’f,h,p = Ab,h,m,p X %,f,h,m : V —l—(U)
m

B,G=HxF,P=M
Ob,hxF+ f.p - AVb,f,h,p

Zbdp = Cogp X Wiy : V +(U)
9
December 2, 2024

MIT 6.5900 Fall 2024

DOTA [Qu et al. 2022]

Qb,e,h,m = Ib,d,m X WQd,e,h : \/ +(U)
d

Kb,e,h,m =. Ib,dym X WKd)e,h H V +(U)
d

Voshm = Ihdm X WVqph \/JF(U)
d

5T = Ty = Pij X WQjn: V +(U)
i

K’b:k?h_m = Tham X Pd%K x VVHKj_k:h : \/+(u)
d,j

~ B.H,.M,P=M ~B,K,H M %
QKb,h,m,p’ = Qb,k,h,p' X Kb,k,h,m : v+(u)
k

Mb,h,m,p = prune(Q-Kb,h.m,p)

B,H,M,P=M 1 B,E,H,M
hijimy = 75 * Minmo X Quiily” X Kochm : \ +(U)

B.H,M,P=M _ _QKyum,
SNb’han;':P ’ =ic "

€

SDng’P:M = SNb’h,m,p : \/ +(U)

B,HM,P=M __
Ab,h,m,p - SNbah:m;P/SDb;th

Abe}’i,’f P o Ry Vot V H)
m

B,G=HxF,P=M __
Cb,h*F+ fip - AVb,f ship

B,D,P=M __ .
Zyiy =Chgp X WZ,,: \/ +(V)
g
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Einsums: Precise and Concise

| Paperlength | ___Codelength | #Einsums ___
Attention Is All 15 pages 14 python files 14

You Need

34 pages 47 python files 24 (3 changed)

14 pages 25 (11 changed)

15 pages 8 python files + CPP 19 (3 changed)

15 pages 16 python files + Scala 21 (1 changed)

16 pages 80+ python files 15 (4 changed)

13 pages N/A 17 (1 changed)
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Separation of Concerns
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The High Cost of Data Movement

December 2, 2024

Fetching operands more expensive than computing on them

64-bit DP .--”“' R __ DRAM
20pJ ; : - Rd/Wr
256-bit / __ Efficient
buses | off-chip
link

256-bit access
8 kB SRAM

Image source: Bill Daly

Now the key is how we use our transistors most effectively.

MIT 6.5900 Fall 2024
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Spatial Architecture for DNN

Local Memory Hierarchy

* Global Buffer
* Direct inter-PE network
* PE-local memory (RF)

Global Buffer (100 — 500 kB)

Processing
Element (PE)

Reg File 0.5-1.0kB

p
----

Control
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Types of Data Reuse in DNN

Convolutional Reuse

CONYV layers only
(sliding window)

Filter InE)ut Fmap

*
-
> -

/-
[

*

Ilo

. | ——

[

Activations
Reuse: _. .
Filter weights
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Types of Data Reuse in DNN

Convolutional Reuse Fmap Reuse

CONYV layers only CONYV and FC layers
(sliding window)

Filters
Filter InE)ut Fmap InPut Fmap

-
-
- - 1
;- *
.
o hd
. | ——

[

Activations
Reuse: Reuse: Activations

Filter weights

December 2, 2024 MIT 6.5900 Fall 2024
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Types of Data Reuse in DNN

Convolutional Reuse Fmap Reuse Filter Reuse
CONYV layers only CONYV and FC layers CONYV and FC layers
(sliding window) (batch size > 1)
Input Fmaps
Filters a
Input Fm :
InE)ut Fmap Pu ap Filter

Filter

*
*
*
- - . - -
o /
|
= . K /
o . . L,
- i e
L d
*
*
*

L=

Activations
Reuse: Reuse: Activations Reuse: Filter weights

Filter weights
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1-D Convolution

Weights Inputs Outputs
* =
R W E = W-ceil(R/2)t
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution
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1-D Convolution

Weights Inputs Outputs
I e _
R W E = W-ceil(R/2)t
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution

December 2, 2024 MIT 6.5900 Fall 2024 L23-57



1-D Convolution

Weights Inputs Outputs
Y - T
R W E = W-ceil(R/2)t
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution
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1-D Convolution

Weights Inputs Outputs
. - T
R W E = W-ceil(R/2)t
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution
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1-D Convolution

Weights Inputs Outputs
T ] - M
R W E = W-ceil(R/2)f
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution
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1-D Convolution

Weights Inputs Outputs
* S =
R W E = W-ceil(R/2)t
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution
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1-D Convolution

Weights Inputs Outputs
. — S
R W E = W-ceil(R/2)t
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution
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1-D Convolution

Weights Inputs Outputs
T T S
R W E = W-ceil(R/2)t
int i[W]; # Input activations
Pt 'S5 # Filter weights
int o[Q]; # Output activations

for g in [09, Q):
for s in [@, S):
W = g+S
o[q] += i[w]*f[s];

T Assuming: ‘valid’ style convolution
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1-D Convolution - Movie

Tensor: F[S5]
Rank: S

o0 1 2

oo
n
[

Tensor: 0[Q]

Rank: Q

g 1 2 3 4 3
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Output Stationary — Spacetime View

Tensor: F[5, T]

Rank: S

Tensor: I[W, T]

Rank: T

Rank: W

Tensor: Q[Q, T]

Rank: T

Rank: Q
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1-D Output Stationary

l o’q]
ﬁ
Update
d N i oldq]
—{ Coord  Payload 7——» 53: ; MAC
1
Partial Sums A i
) I
1 1
o L —— [ .
| i[w]
1
: \ 4
i Calc g w
Z | _
2 EQ"’y »| Coord Payload
i | Input Activations
i
1
1
-> Coord Leoi f[s]
Payload

Filter Weights

MIT 6.5900 Fall 2024
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Output Stationary (OS)

Global Buffer

Activation

mmmmm

Psum

* Minimize partial sum R/W energy consumption
— maximize local accumulation

 Broadcast/Multicast filter weights and reuse
activations spatially across the PE array
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OS Example: ShiDianNao

December 2, 2024

Input

Inputs streamed through array
Weights broadcast
Partial sums accumulated in PE and streamed out

MIT 6.5900 Fall 2024

psums

E output

FIFO output

[Du et al., ISCA 2015]

Top-Level Architecture PE Architecture
weights activations
I SthlanNaO' """"""""""""""""""""""""" Kernel Neuron PE(right) PE(bottom)
L Regm™ < 4.
+NBI,3,,I:] a5 l operand - L ___________________
Bank #2py-1 ag— IR/
‘| NBout: g (column) T T 5 T
- Bank #0 § sy g o gg
Bank #2Py-1 % :';';LJ:) . - l - l
| SH¢ = | I
> Ba.nks.#o &gﬁ . H‘ s
Bank #Py-1 — e N e l
Output
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OS Example: KU Leuven

16x16b / 1x16b
Feature SRAM T
16 Features LE |l - F< O
* activations
16 Weights
_ 16x16b M M M
Filter SRAM weights .
W ISl
=i JAmIM] ™
I | |

[Moons et al., VLSI 2016, ISSCC 2017]
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Many Dataflows

« Output Stationary (OS)

[Peemen, ICCD 2013] [ShiDianNao, /ISCA 2015]
[Gupta, /ICML 2015] [Moons, VLS/ 2016] [Thinker, VLS/ 2017]

 Weight Stationary (WS)

Chakradhar, /ISCA 2010] [nn-X (NeuFlow), CVPRW 2014]

Park, ISSCC 2015] [ISAAC, ISCA 2016] [PRIME, /ISCA 2016]
TPU, /ISCA 2017]

* Input Stationary (IS)
[Parashar (SCNN), ISCA 2017]

 Row Stationary (IS)
[Eyeriss, ISCA 2016] [Tetris ASPLOS 2017] [Eyeriss2, JETCAT 2019]
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Many Mapping Options

Per storage level cross product of:
« Dataflow

* Tiling in time

* Tiling in space

 Bypassing

Split/Shared storage
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Variation in Traffic with Mapping

1011 - : :
= 1 = No Fusion Segmented Tiled Fusion
N 1= Tiled Fusion
'U"l . LS
Q | —h
n - 12 —3,: of
¢ — ; 2
o 10 _ : Q
< 10 - Algo min w/o ’Fus.i.o.n'__h_____ —
W N et = S — - — D -
— - ' N
S : ®
) I
(®)]
= G
V4 N
@ ' <
M 109 ;e o A 'EP_TL”_E“iiLLS_'E'l________________El;___-

| ! ' ! L L | ' ' ! ': LA |
10° 107 108

Buffer Size(B)

December 2, 2024 MIT 6.5900 Fall 2024 L23-66



Roofline Model

—8 MAC Lanes with 1 Read/MAC = =—.

MACs/Cycle
N W ~ O O N 00 ©

QO -

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
Compute Intensity (MACs/read)

Williams, Samuel, Andrew Waterman, and David Patterson. "Roofline: an insightful visual performance model for multicore architectures."
Communications of the ACM 52.4 (2009): 65-76.
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Roofline Model

—8 MAC Lanes with 1 Read/MAC = =—.

MACs/cycle limited by
number of lanes

MACs/Cycle
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Williams, Samuel, Andrew Waterman, and David Patterson. "Roofline: an insightful visual performance model for multicore architectures."
Communications of the ACM 52.4 (2009): 65-76.
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Roofline Model
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Williams, Samuel, Andrew Waterman, and David Patterson. "Roofline: an insightful visual performance model for multicore architectures."
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Roofline Model
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Roofline Model

—8 MAC Lanes with 1 Read/MAC

MACs/cycle limited by

operand delivery

MACs/cycle limited by
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Roofline Model
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Thank you!

Next Lecture:
Accelerators (l)
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