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in thin pepsr contemt-fres lacguepes that srs wery wmsmbguwus srsl
rary detarzindstic wili e studiad. Thess ave, in other wordt, languages
whose Lorminal strings weer thalr gyntactls strecvure on thele alssvasy.
Thsy are the langoages that heve & gramear in which sxectly owns vawir of
prranthedes are Iniroducad v svery appllesticn of every rale, giving e

barmival strings (and ven-teruinel strings too for thut mettsr) = highly

gerpnturad BppeazBRces . These parenthoses, howwner, g of Jié) one Spneled,
A VRN T suhaeriaTs Thra VLA

parepthones do nat tell whlad ruls Ardsoducsd thsw, oF svad thiak e
nacminal they raxs Dron, ﬁrni}bu&'ﬂ?s and Barrizon (in s wnpd Lishesd pepey
wiich 1 have not seen) have studied langeages in which wmuzeleiphe oo
paventheses go furthsr twards indicaiing the #tructure of & texmingl
anrlng.

The wmain resuif of thie pupesr is that the equivaienzo problom fer
payenthesis languages (piven by thelsr gramsars; Lo aolver.s.  In other
wirds, there is A Zecigiuvn provedurs to tell whather two much parenthesis
Eromners gennraty che same Iangnage. Inclidentalily this shows that tim
Lnclunion problem 44 aiao aolveble: Lor bt debersioe whother the lengaer
o one grsmear iz lacluded in the lasgusgs of the seosard, ono can Sake

the gramear for the aniow of the twoe lacguages {oblednetls by wo easy ans



wail wmown techoigua) and vest for squality with the ssoomd.

& centexwfree grummar is ag usuvally definmed, sxoept that prasiluly
agwaral wndtlal pon-verwinels sre alinmed. (An Jnidlal son-tersioxl 2 ¢
symbol that mey begin a derivetion.} The usual tweohmigue for rideing a
gramar of all but ons ¢f lta &nltial non-terminnls (usually 759 will ncot
work on parsnihasie langusges sinvwe every new rule what is intwoduce: muz®
havs & new 681 2f paranchesas.

1t iz assumed that ¢he reader i3 femiliar with the usval terminoiogy
of context -free grampars. Keverthelens. & tew worlds on Lersinoiogy end
noetacion will be helpfui . A sizing f), of torminals and mn=terminais Ao
devivatle from & non-termingl A in & grameer if thare 15 a sequence wf
atrings Q’l"' '()n‘ where Qw a8 A, cf}ﬁ 35 '..:i wh, for svewy L. Qﬁ_t a5,
Tollowy Lo {ZL hy one of Lbs Tules; 4 ir addition A s en inadidl nen-

termingi. of the grasear ¥ &y sinply that Q 1 fi&:az‘-iwb}.f;_ v the pyamesus.

T

Tn the Liteoraturs, devivation Trees hove een fiudlad extensively,; since
in meny owges they are sore msaningful then 2 Jerivatlon, which 2 v wre
saquence o7 strings. In & derivation tres 8 sbring is not compiately re-

written whon & ruls iz appliied. Rather the vaepiacersnt is writien ovar

t:‘lh’\'?’.‘&'muf'{» cél?‘qx}b’-:af I

*he veplacad symbol. Thus mn unerbiguous language is P in which every
| | | For examule

terninal sbeing haa at most one derivavion tree ,_e d qa-. 391%‘&;.&% wree

~

%

for abbab in the grempap:s
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Although thera is no other derivation tree for this terminal string, thare
ara sovaral derivstions thai result from the tree, since the order of ra.-
placing non=terminals currentiy appearing in a string of the derivallon is
arbitrary.

Capital Foman letters ave ussd for non-lerminals and often alsc as
varisbles ranging over non=terminels. Thus it will be convenient to say
"for every non-terminal A," ete. Small Homen lettera ave used for termingl
lotters; in paronthesis grammsrs the open parenthesis { and ¢lose parenthe-
sig } are alao terminal symbole. " Q“ i8 used ae a variasble over stringe.

Tha language of & gx;amar iz the et of terminal strings deriveble.
Two grammars are sjuivaient if their lengusges are equal. It ie to bs
noted that, in talkdng about algorithms, there is no way an infinkie
language can be given except in the way of a finite repregentation sush
85 & grammerT, or & formula or 4 finlte deseription of the corresponding
push-down store, In this paper confusing phresss, like "given & language”
are avoidad in favor of more precisc phrases, like "gliven & grammur for &
isnguege.” Fush-down stores are not discussed here. As for formulas, ai-
though some contzxt-free languages can be described rather neatiy by them,

ﬂog;..-;; 13‘:

g 3B o ﬂih‘; many other lacguages that we ¥ish to dlmcuss de not
hawa conveniently zvallable formulas. In this paper ‘thsn languzges are
gi.fen by grammais, when algorithme are discussed.

" A parenthesis gramsar is & conlsxt-free grammar all of whose rulies

are of the ferm



i "‘“'a'ﬁ {ﬂf L

whare _Q conainy a9 ocrarvonse aof { or of o & 'an‘iﬁmréﬁ-—(Eﬁtam_'i,:z_fs.ﬁ%‘.zi i

parewthexies grawer iz oas in which no twe rules have Lhe samd right mide -

4 {beckuerds-dotermiaistin) peronthasis languire is ons that has a {make

warda-detersiuistic) parenthesis grammuey.

dote that a beckserds-~dsterministis parsathesis grammsr ls unombigvows
in that every terminel string Lae &% most ons derivaiien tvee. Whet i3 mova;
sudh & yrammsy has an evan ShIOngst properly concerning parsing: 1.9,
given suy siring, €0 can pick out ceviein phrases of Limived sgizo {(namely,
the innsrract paronihonized prria) and veniuce thos by & nuo-lesminal wiln
snt any regard to whal cceurs %o the left or %¢ the right snd be renfident
that 3o havs nol made any misiake -- w%ﬁe‘-ia is the reasen for the choice of
&he phrass "buckwards-deterministic.® Taes Thesa
langrages ave the sontaxi-freest of the context-frzs languagea. At the
and of this paper & more gencral definltion 1¢ given of *backwarda detar-
mindatic" applying to languages without paventheces. (The ferm “baciwards-
deterministic? end the cencept come from soms anpubliebed work by K. Spsior-
o

Eﬁoyg&h Every paranthesis prammer hag 8n equivalent backwsidse
deteriinietic parenihesis gramuar offectively cohislnable from i%.

Froof: 1at G be a paranthesis grammsr for & perenthesiz languags L.

Svpeore that A .04 are tho nep-isryminais of bl gramswyr, one of Thow
il 4y

4

4

heving the Tunciion of 8. Lot ths scencii of & ruls ba the vight side of
that rmelo with blenk epeves in place of the non-terminals. Thus, «.g-;
e stenirl of the ruls

Ay =3 (8,b5huA, )



&
A backwarde-doterainistic parentheais grasmmar 07 s now corabrunisd
baving 2% ponstarminals, one worrssponding to each non-swply ast of non-

terminals of 3. Iat theso be B3 S :-;uo__uB + and let éﬁfal)g B (ﬂ"ﬂ ‘
- 3 B

N 1.

oB )

ke tha serresponding 2oits.

B, =3 {E b:B B
5 i, 13 ig

&

iy a role of & if =nd ovly if ()“{Bil) 1g precizely the get of non-ierminsis

4. of G sueh that, for soms A, 7 B, }; 2, s B, Jamd A, ¢ {8, &
‘_1,:1 b 132 < J‘“ 1"2 i :13 § ﬁn 13 j]‘z‘ é —lEI) ?

10 a role of O. fAod similacfiy for cther stencila. Tha indtvial oon-tormirals
wf ¢ ere a2il thosa B i such het thers i3 2t lsast ons initial von-termined
of G in A& iBi}: *hus the sat of stepnils of rules of 0 im exactly ths zed
ol etencile of rules of G,

That G* iz & baclkesrdg-detsrminiztic purentheais grezmar 18 cissr. Ve
sugt show that {ta language iz that of G. The proofa of lemms 1 and 2
nalod complots the procf of Theorem 1,

femwua 1. Every derlvation D of a terminal string in G can be coaverted
intn & derivation 3° of the sams terminel string in ¢,

;;‘w 6/ l;hte,
Proof: Newrits the derivaition backw&rd--‘?s’h The last replacemant 4n D

sight o an applicztion ¢f the rule
&, ~2 (&b} .
The rula im 97 to ure 1z the anique rute
B, ~ {ab)
viih ths stancii {sb}. This dstsrminss the penciltimmts line of D, amd
wiearly A £ §7B; 0. N Fupposs s & « EBi’h Jipe of D ha® baer deters

minsd. Suppore as an inductive hypothesis, that the {(x « A fins of B



E.
. N . - . . .
45 3ike the {x + 1) Iloa of U exespt that Jor sach eocurrenss f wxl
nog-terminal A, of G, there is in the corrasponding priitlon & non-faewinal
B_ of G, whers A g g '{By}n {Different occurrences of b, may have dificrens
: #, v : ) Y g
ki yt‘ao} The x a idne of D can be determined from the (& + 1)} ! itpe of B
B 7 i 20 th “ )Jh L R 2
by considering the rule usad in going from Whe x7 to the (x + 137 lims in

. Without lozs of ganarality, suppogz this raie is
51“?3’ (AE ba .&3 Ah) -

Supposs there is sorrssponding to (142 s A, A ) in the (x + 1}%‘""33 1ine of

3k
1}&" lins of 7 ac aliready won-

D the phragse {B. be B, 3, ) im ths [z
Aa i 3—1%

Z 3
shoastad, where & € 5"(3&?)2 Ay ¢ @!-(B‘g 3 and .&h é éﬁmia Yo Thore is w
d.,.- B kN } 5

B Tue 33” vl thad
i
By —>(B; w3 Bi,}
1 & 3 "L

is 8 rule of G, vhere L EG (B:i.,. }o We thus make the ‘xﬁh Yins of D°
i

1ike the (x + 3} " iine of D” aznept ¥het B, repleces (B, bg B. B, )
i 3 i, T,
1 2 3 %k
ia 1i@ occurrencs correspording to the replacewmsnt in the {x + 1)“‘ 1ine of

h

L. Cleayly the if.t iine of D will have the property that it iz & rewrite

of the correspoinding lime of I, wiith eath vecurrence of sach aon-tarminal

5, of § vauribten as soms B of 0" such that A_¢ 6‘"{3?)9 since it is given

h

that vhe (x + 1}—5 line of & has this propsriy.

I# 1 is constrvoied backwards in this manner, the firat iine will be
BF aneve, if A_ s the first line of D, A € 5*(3?) By will be initdal in
¢" simee A, ig Snitiel in G. Thus D is e dorivation of the sams siring in
the prommey G .

lomea 2. Frvary devivelion D of a terminal string in 07 csp be comwertac

nto a deriveldon D of tho mame tormine? atring in 3.



Praafs This dee the dirdnation is b2 be cewribien Fowvwers.  If *la
fivst Ine of D7 47 ¥ie olidsl no-tarminsl © ¥ there exini mn ‘\x EXIIE
“hat L_ﬁ . {E 1 e .Es,:; iz an ipdrial noo farwinal of G, (I vhers ave
=avexral auch & o 1t doas not rstier whizh one 1 oelasted.) A an indun-
tive hypothealis, supposae that he 5 line of D hea baen onstragtad so
that iv is liks The x!‘h ane of D exsept for rontaining in pises of 2zuh
’?'3:- gn oscurPencd of Hems Ax in the corrovpomiing pisce, wWers ax ¢ o i,
{Mfferent o uresntas of B}’ mAy hawe sorvesponting to them d1ifersnd :% i, )

Tuppose without loae of generaliiy thet the roie

- . A}
B, wee 18, ®s 3B, B, }
i, ™= (\i‘z 3 1)

*

£ .
2 the rule by aeens of whish Yhe {2 217 i of D7 de cbhveined U the

.;e:;?h Tins of 7 o and suppoga ¥at 4 5 GUuuls in vhe x‘h iine 5§ U sorrespsond
ing to that occurcenue of B, im *ho =% e of D', Then b, ¢ ’"'("ﬂ,
1 4 1
nos arigh R Ta.C j ~f
and henos there 3eish ron-tacainals ﬁtj,,&? 5“’(.‘8_1?;3 1't" & Iii*! e

A8 {;;,‘{B_i ¥ oauch that

23 “h
B = (i Ty }
% o t’}
is the rule &f G thar gi.'«rea us tre iz 1}'“ lim’ ¢f D mathiving the induc-
tove hrpethsni®  In this manzer D is construcled so that 1% i3 a derivaiion

o G end 19 last line (sinve there are o non-terminsla) is exactly the

s2wy a8 the lash Line of I, Thie concivdes the proof of Thacrem 1.
¥hara A 18 & non-terminal of a grasmer § let &l} {A) ba the pet of

#il striogs derivebla frem 4 (Lnoluding those wiih non-torminsis).
Thoerem 2, I A ard B are diatinet non-terminals 5f 8 bHackesyds-

e T r—

determgnizsiis pavenihaszis grammar G then ﬂq (&) and ﬂﬂ (B; are dizioing.

Frepf. A swing in a backwsrds=detersministic parentheosis gremear hus
av most one derivatden tres. Homse uo stiving couid hawe bein A oh Lhe bobiom

v oa derivation tyoes ond 3 a2t the bovtsm of another.



(==

A bookusy da-detamministin parenthenis gramar mey havo e e
tormingls whene fomlnzod ~¢'s oin be played by » #ingle won terninxi I
suzh 1% the soage wep chall cuy thet the grammsr ie pob Preduced,” in 4 aonss
to be gefinsd mre presiuely bolow.

A contexh i_f'}:,f; & mir.ng with one blank. ,5 [A) 12 the somiext Witk

£ o

ihe Wlank filled in with the ago-terminal 3. Ist E e 8 set of nome

M G
topminals of a peareny C. E i8 n:diatinguiehablﬁ;ir there I8 a8 coutaxh:

f? much that, for avery A & &¢ {f,:‘? fA) im dsciweble In n lirwes or Jess it
G from 2n imitics nonsierminet, bub fur oo moo-fsradnal B oof 4 ovtelds of

. : i G
é’j, iz ,ﬁ IR Serivanla in o e o Joms. i in disti.agxﬂahaﬂ%ﬁi} it is

Godiviingudchabis, for doee p. Bele Shet, in @ paventhesls grammar, the

Tgogtn #f @ derivatian ig end wove thaa the susber of perenthesls ssizy ib

srripg.  Thes &l dsriwacdons of a striny ol the Jorm /8 fal maat ba o?
tno rame longth. |

f&fg{:—-@m ,, . XX, in a paventheosis grammar, thore 35 a E what L&
f3 1 R)dietinguiabanie bat net (o o Ll-distinguisbabls then thers & &

} +hat i (& . Ll-distinguicheble but rod p=distioguishshle.

Proof: lat fi,‘ , o6 & gonvext with w » 1 or fewar peventhesis palea

!

such that z is precisely the set of all oon-tarminals A such t&xat._ﬁm? {al

au derdwablo dn . T Blank In /6& Lo st be ingide a puresthesined

phrase, say

(ﬁ:l. he - ﬁ«?j B

=y

Lok j,ﬂ _— b2 the ooptast which is i.ii:algéi 2 eacept for having a pingle

Leant in place of thls vhale parentsesizsd phrass. Without ioss of geve-

railty, ws 80 sondine sur abttention to derivevions of ;ﬁ e (4}, foe amy A
y :

fnoEna e whie pwoniingipsd vhisse ly the last o eppesr. Thes ths ling

Lot

npfore will ba /”:r: - 18}, Ffor eoms 3. Uisariy, the numbsr of pasmithesis
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S 2 Faotmn oant, pf g1l noo-nestinels Loowoh chai F—’ . B

et
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raeabln . The ooour of Thaorsa 3 i corptate L we can shaw thal 4::,..11,}
le - 2% distingnighebis (whi-b in obyises), bul pot r Adstirgulebands.

< s N . 1% e 4

Supposs now that 2 o 42 rediptinguishebie,. Ffhaw wald ba 4 cogbsa

ﬁgr with no~ 2 ov fower prrenthesis paira guch that o o n the set of

.

¢ gonn hat ﬁ " el 40 Berivable 1 4. Seesll that § i the net of il
son- TarminedE A such WhRY

E -'w? i.ﬁ.l e & EB\

1% 2 vuied of O ieg eae B S 2 o Talny _,g t;q, to be the conhext
i

]

o

SR E T A. 3
(4 xs &)

Y

Lo 1@ TRe By O ALl alra-Toralnsll A awsh thgl /g 141 ix depiebis

Foow the Tauh ihav thare sre ¢ or Jwwsr peventhewis oadrs im ,SH, L3
s EF -
wopntd follon et £ L A ¢ Aj-dlavinguishanlae. 4 convradiorion. L% I

ik

LAl

e

Ty uere Teyminals i-g apd A,) s 5 perenthesis graemor G are smadssl

17, for every oonvoxt f_ﬁ ¢ SitheT bovh /5 Ji..T !and ﬂ IA 1 e - iwsble
3o mmpiher ave. Qlsavdy, BI7 18 4 =’f“&%m a 9iatlar.  Alse, '*’_15_ Ty, .u

v 2gwivdien’ if and oniy 43 thexe 13 e distinguishabis :‘E haviig <ms of

read witnoad the odber. A gramgsy is iﬂﬁ?ﬁi i¥ no bwe dI3Tines pome
rermingle ara aovlvalant. and 1f 1% has no onalsss non-tersioslis o & sooe
termiag] A i uzeises in G if thera iy o context /5 sach that ﬁ {R} s
crrivabin or Lf thers ds no siring of tersiuals derdivenla from 4. 34 1
left to the experiénzes vaader to wonvinst himmseld (3] that any wselsus
none-tersipal, and overy rule wvomtaining that noh-isrwdinsi., can bs discsrded
Srem vhe gramay watheud changing the languags of the prammar, and (77 that

hore iw an pigoidils o dstermine the waelens meu-tarmiow)s
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e gasdse e L3 Pamadize with ool peliiny theery will ronegnire 4ms

monngnh ol & (odusad goammine 20 pg MWOLIGE TRE oLneanh of a Tadesed stabs
grezdi. The yadeliion prucsdore of Thanver L ¥111 be ; ike the raduiticn

provadure for goatg grapts.  Thaosss 3 3, dn affenl, & lemma for Thewns
beowbleh sorrasposds in the vadurrtion procadurs for acquantial mechinss to
ihe Jewma whar ¥ tes Yebes ave dlptinguishobla by an exporiment oF Tsngth
1y bul met by an ansesiwment of langth po ¢ 1. then there are two atrose

that are distinguishable by no arperiment of lesgih oo+ 1 bub pot By w7

.....

aaporlment of dengin )

THegrsa . Thera A% An alroritha te ocbiais 3 recuved backards

MR P~ U L
detorministic pareninesis grasmr vivh the sams loanguege as 2 glren basgwardai-
Getarmanistle prranthesin grameds

SRR - T3 u."‘w;-“i.ﬁﬁ*iﬁ"?‘?.@fﬂ;fki&"5 E Qﬂa‘aﬁs ﬂﬁ.}-l& gi’ﬁm w‘; tnmt

[

i
-t
i
L
o
=
P
o
g
0

duss ol pgensysieoty . 55U s} MaN ne TReLoSE ohhetermieats. Iy Theowven . 17

t has v pane #o ARy gev z o -tarednade is distingnishable §F ix

mafn

£

:";":"f“iﬂ*ﬁ!al«“*tmnm Thw Asv of all distinguishsbizr ®uts can be dstars
wogd by Iooktrg ot 231 darfesidean of tength i and lssa of whish thers
gen TLmitaty mary.,  Dud thds dnfarmoiion =217 slas gl¥s ws the squivalsnoce
retn of poestersminales . 1ot thezs Y, withost repstition, Z B Em

I'ev The gokemst 3 with the non-tergleais ‘** ..,‘_,E.& 20! Such Yhat for awery
ie ol G

Ay = (&2 Yi Ay :%.h‘:

ane Ingteed the ruioe

Wrase o & 2_6 chie¥ s hyg E'g e f‘i Z;; . By 1a b inivisl ma-

revmends if and Gusy G J“#sr., iaoar :'*= £ 2 o witeh W oar Inl.lll oL foarinal



iy 3, %ots thav 10 A % };i e sn initial nsn-loereins: of G thon swary

A 2. e dnladl. We ooy veed boo e
AL L

Tames L. bwary derivation in & of & foswinsl gloing onn 9 weonieptad

wrE R VR

-

P

Jpte & derivatlen of tha saws ghring i
Peyofs Ginply rowylie vhe Seryivsation with the pon-tormizn:l B, ir
5

miave of A, wherd A, £ ‘:; for ecch A, i the deriwatisn. The rewviting

J B
i rpeeifisd andquely, ail yeplecemwests will bte asccordiog (o valid vules of

Gs amd tho new corivation will hive the soes fersdinal eiring.

Immenn 2. imiﬂ be & atelaz of farwindls and nonsiarminale derivatle

e

——— n

n . 1% Q ie vite L ?_ ayzept Por hiving Tor sach occurrants of 4 note

verainal By a noo-tevmical A, £ 5 . (¢ifferent ovcurrences of B, belng re-
] et i

piised possidlr by ciflovent ‘A"i "1, Yhen Q is deriveble in G.

r‘l\ a
The proel s by drsicotion o bhe length of the derivation of .i J in

- - .. . .. /«'\-;. - y — - . < .
4. X0 the dencih i L, cisgrly 3 ,} et bBa Exn dadtisl non-vermdinsl B 4

ard every A, & 2% muet. be Snltind by a remerk above. Azveme that Lewwe 2

&
duotrae for add stoinge derdvanis 1o ¢ linpw, and ley Q %1 bes dwpivable

inx & 1L ldnes. Suppois fl

-
sl vamitis frae ;f}_z in & Seriwstion in 0

Ly wmeang of iha e

¢

e dndueddaee byeohbesio sy ﬂ.ﬁ valafed U .( :’. g B Cestribed in Lemma

S

ix derdiveble in G Yo meow thet. for sowe A, Z PP VP SN

t.' N - . L

iz & rute of G. Consider the slasy K| of ail Q- 5 Buch that {13} Q,___f, i8

Y . - . pens
vilated fo 5 1 g 57 deasriped dn Yemaa 2. zngd (7} &y idn f:}, " takez the plage



A

ir . BEote what If A4 & Zi 18 zn initisl nen-terminal of G then overy
A e F,is inivisi. Ve now neeld two lewmas.

lamea 1. Zespy derivetion In G of o tersdnsl string can bs commarted

irto & derivation of the asme string in 67

Pronf: Sinply rewrite the derivation vwith the non-terminal l‘i‘,:5 in
clane of x‘sgl WG TS j"i s ZJ p for eazh ‘i in the derivatisn., The rewsiting
+8 speaified orfqualy. all replasementa will be agrording to valld rules of
7. and the new cerivation will have the sumo termiral atring.

Tepma 2. [zt 51 be a string of terminele and nor=terminala deriwable

e a————— -
in ', If Q iz Lilw Q ezcept for having for sach octourrence of 3 non-
terminal B, & non-larmiual §; € Z_,j (different occurrences of B y being re-
plassd poseibly by diffavent Ai'=g}£ than Q 13 derivzble in 4.

Tho preof iz by imdustion on the langth of the derivation of Q ’ in

@7, If the lsagth im 1, clearly Q mast De an ipdidal non-terminai B 3

ard every A& :i;] must be initdal by & romark above. Assume that leuwma 7
15 wwe for ati stvings derivable in x linms. and let _‘.,—). na derivai:le

am F o+ 1 lnges. Suppese ﬂ %41 raguits from Qi in a derivation ia 87

B, —» (B, beDd B |.
17 (*:z 1y ;31)

Py nbuotdee hyoothasic, every .(1 ralatad o Q 5 3£ destribed in Lemma

by means of the vule

< 15 davivable in G. ¥Ws know that. for soms A€ zi s 1!.2 € 2 i ’
& H é Z L t —mq Bl
' &

1 ] {%2 B .ﬁ.s Ah.}

iz a2 role of . Consider 3w claza K of ajil ﬂ such that {1) Q im

Fee

relared to § 1 5 . &3 described in lenme 2, and (2) A in O t—akea the place



iz
ot Hi.. in the noted scorrresco in ..( 1 From ench £ Z £ & o W8 03N obtalr

o
&5 .flg w4l by whe ebewe iy from (FL ac that Q . Wil be relaisd bo
-~ 7

3 . %8 demoribed in lsamax 2 oand will have {l bz A, ALJ in pisce of

(E,’ b Bi B, \ in vhe nowed securrense; iek Ex‘-'i be the seot af aXi sww
,.,s-, 3 i Y

i
i l":x+1 . o
ks oonildse an arbitrscy stving which is ralated So i l‘_‘ by B dever Lind
in lemma 27 lev ws designete ihip owring o8 .Q xes b !,'f:.:; b a_;; Aﬂ}] to indi-
cave that { {1.5 B .&1 f-‘l;_} seonry Au the notad oscurrencs. Ws inow from what
is proved in the sbnve peragraph thav Qx-?-l 14 "'*2 B A .&h}}_ is darivabix
in do Bub then it follmes that i 1 {(&: b Ay hl" im derivable, sin.:e
A.; and A, wre equivelent in G, From this 3% fallowe Shat .&/}. i T{AZ bcAT;, 1}
ang  flaally \ LM {(4 b Aa &h)l 2ra darivable., G.B.D.
It followe eueily from lemmas L and 2 that 8 is equivalent %o G.
Cleariy G is a parentheais goammer. It vemains te show that 0° i (1)

hackudrda~detarriaistic and (2) raduzed.

() S9ppeoe &7 Se gt Ryl IPWIRDATG) Thon O Tee teg mILan
—--,-% ( ba zaiﬁ Blm)
By ( 1, P Y Bi‘\) ’

NUeR fe 2 3. . Yhan 71 mush huve fwo pris.
K

s
&,' s A = bg %&,_; w A. o
whos B fgﬁ? & é':i..tf b - & Zi : ﬂ__, . Aﬁg éEL ﬁq* A‘b. é Z.j. o .l,,jh

f. & ZF . . & exd i CE not be ecuivelent. But, since A, , A,
N a‘,> ,F-i': ]'I JT_J’E o j? 33



A

A, are. respectively, eguivalent tv A 427 ﬁ . and Aj s, SOT ANy GUnHEh AQ
it , 2 3 “8
8{(n, s s\l
/ J

jL‘J

d
1.*.,

18 desdvables 1F snd oy if
/8 i b!: ‘_‘ w
-j‘e A3

is derivabla. Buf the phraes [ A, be &, & rust comd fyom A, <03

1

#* '23 u‘g; q“ii

&.;c ae ﬁw AJ i from kﬁe ; since G ig backwardimdetorndristic, and we r2n

(T I “1 -

ppas‘sa 2132 tchése rajos were uged last ip any derivsvion. 5o /?} LY
st avid ﬂﬁf}' "‘7 i%y ' L "".ft___‘.

dey ieable, for &ny FONLIRG /6';‘ frew which we aonclucs thatr
EE :Eigf sontrary to the stipuleiion thad ii é iii Taus 07 38 backs
uuxﬁ c-detarminict i,

{2} Suppose G° is not reducad. it is olear ihai sines ¢ has ne wpeless

non-termingls, G has oo useless non-terrinsls. Thug, for paue 1 and j,

By
14 3 andj,!m every wontext fi rg [B 1 4¢ derivibie 3n 07 4F fod enly
;i‘/ﬁi’ i ]is darivebis. Supp::asﬁ A Zi“ by g ;g - Thes. by lamees 1
and 2, 1t fnl,«m:s thab: for atery “x}Jf’%LEY’/ts i Jr [Lﬂ-i 9 derivahis P pites

{.}H; ;i f“’ !“t S i F 0.
,y whizh mam t}mr & ar.d A, aze eguivralent, Grd Z 42 sontradicting the
2

It

szinalation that 1 £ . Thus G.- is rsdoced, which a-'ﬁnaeludas the prool of

Theoram /.

. I

Two grammuars are iscmorphic 1Y they have the aame set of dernina.s. =nu
S theed 13 @ Gous TU-OnS nOCresDeniene tenvsan the seis of nou-toriee s,
ipitial non-terminals in vne grommr corsesponding fo inatial nomoderwminals
ir, the cther grarmar? acd there is a one-fo-one corrospondencs betnesn rusown
off ona and rules of the othex; whare a reta ef o gramoar san e chtolied

fyvom he sorrespanding rmile of the other by replazing each non~ferminul iIn



the pocond grammair by the corresponcing non=terminal in the first.

Thoorem 5. Twoe raquiTaiernt raduced baskuwards-determinigtic parsnthesit

S o

gramiers are 13omorphin-

Proof: 18t G, a7 ba grammars satisiying the hypothzzis of Theorem 5.
Izt Al be a aon-weraingl of G and 19%;4}'\_@& the sel of lterminal sirings de-
tivable from A, . £yis not empty (iest £, be useless); et \ / N S.-)‘ met
bz a part of & word of the language (epain, zince A; iz not uselzss) begin-
ning and ending with a pair of mated rarentheses and hence .‘,WL mst be de-
rivable from soma A; in 6. LetZN be the set of terminsl strings derivable
from A{ ing”.

Vor suppose /L A4y . Then there would be & terminsl string, cay QO o
in ous buh ot in the c;t.harh Suppose .‘sﬂf’.o €/ =S\ Then 1-)_0 must be
carivabls from some Ag in 6°, where té 7 Aia Ncw '(?O and _(—\
are not derivable from sny other noer=termingl in G other than Al, by Theoren
2, Honce for any tsrminal context A /{‘Z: [,[1} isg in the language if and
enly AL ; [120] is. From this fect it follows that, for every context
/69 terminal or cthemiseg/b’ [Ai] ie derivable in G° if and only if
/;“51 is depivable; i‘or, sinze G° has no useless non-terminals, a tarminal
string must be derivable frem every darivabla string. But this result con-
tredicte the aszamption that &° is reducad. Similarly, from the supposition
tiwd, -{lg (‘gﬁf éc‘_{’:“ we gan contIunds that O 13 rnect reduosed, Thus we infey
Bhat =N o

Frem this argument va sonslude that each nen=terminal in G hse a ecor-
reaponding ponsterminal in G° from which the asme sat of terminal stringe
cin be cirlwad. Thie shows that thare iy s one-toe-cne corregpondanca hetwesn
ncn-terainals. It remains to show that there ia the appropriats one-—to-one

correspoadence bebween wvulezs of ¢ and rules of G-



1%
Seppose A, el Ay b2 Ay A.—u} is a rule of G. Iek Q‘ /“‘25 ard Q
ko terminal strirgs deliavle from Ags A &; . peapestively. ﬂ [+ ~ Q
Q) mast be derivable from &, : By what has baon proved; ﬂm n Q
acd ) L, b9 [}3 1;) pre tarminal strings darivenis in G from .&2;,. 53;
5’;'; e A; . respoctively. Dub, besaune 6° iz a baskwards=deterministis pareu-
thosis grammar, the gseond iins in & derlvatlon of !"{}E b n3 Q} fuen

£ oin G0 wmust be (A be Ry A}-’;L Tt follgwz ther thas

A By
E&)

15 3 yeie of G7. This argument goen both woye, znd sufficas %o ahew that

Al V. ,& be A%
thore 1% the appropriets vpe=to.gne correspondanis bestwuen the e ssts of
mwiee. snd that the twe gremwsrs ars deosmerphic.

The sbisative 28 thie paper has pow bsen achieved namaiy the proof of
the following, which clsarly follows from Thesrens 1 through 5. The
corcilary followlag it 1s justificd in & rewark at the beglmning of this
saper -

Hain Theorsx. Thore 1g a declsion procedura to determine whather the

lerguages of two given parenthoeis grammors arc equal.
Cerollary. Thers le a decision pyrocsdurs to determine whether onw »f
O TR

o puch languages is included inm the cother .

£ soncenfsd paronthsols gresmar le & gramnsr that is oot & parenthesis

erammar bub goreraten a parentheals language. The protilem of how ta recognlze
phather & giwen tontext=Ffraee grammar in 2 consgaled parenthesiz grqnmrarsi
vhe probies of soaverting one into a parenthesis grammar are open. That

hena gre mot sinple problams is dliustreted in the fol cwloy exenuiae,. A

FTomE Y whose langueage is not e parentvhesis langusge, a’though it might Asom

Ll

@ al fireyw glance, ia

&



8 3 (&)
i —2 AA
A -—3(a) .

An example of a concealed parenthesils grammar, but not cbviously so, is

3 =~ AB
A —3 ({a} &)
& o {0

B o (Bib)}
B~ 4},

Thoe parenthasis grammar ejuivalent to it e

b (od)
-3 {«2)
- (%Td)
ey, (XYW
w2 {0}
-3 (XX
v {53)
{20}
~ {d)
-3 (b) .

in 21) of these grammars the only initial non-=terminasl ig S.

L I o I T T O - DR ¢ B0 R 7

=

Firally, it should be remarked that the M&P of this paper apply
all

o song grammave that do not have perentheses ati,\ The woii=known parenthesis-
fres notation 1s en example. Consider, for example, the following grammar
fav o fregmont of Rukasiewicz® propesitional ocsloulus (in which S is the
cruy non-tersinal sod is indiiat}):

S -y CS5

8 «=» NS

B P p
S o
§



pY
& zerminal string in thie lapnguage ran be parsad in only ome wey: amd In
fact there Is a method of paraing thad aseurs us thal we zan proceed wiih-
out maklng any false starts. The reason is that the grammar is backuards-
ceterministic, in 3 sense that can be defineé precisely as follows: &

vontaxt-free grammar is backwsrdsedsierministic (in the general senss) if

{1) it has no two dietinct rules that have {11_(-)2 and ().2_(13
a8 the respective right sides, for any strings ‘()T‘ ‘()E’ 17.3 whars nz
is momenull, ané (2) it has no two distinct rules having ﬂ.., and

anln:‘] as tha respesctive right aldes for any Qg ﬂ 25 ﬂy Thus

in any otring of terminels and non=iermiznials, theru ere no two parsing pes-

slbilities that inverfere with asch cther, It iz ecasy to seas that for
parventhesis grammars, this definition of "bacitrardse-determimlstic” is
squivalent o the onz used sbove. ..F

Thus ws can soy that the grammsr given axowe for the ﬁagmanzhr.ukaaiax
wicz" propositionsl calawius ie backwarde-detormiuistic. Indsad it ia
posgible o say that the essance of Lukesiewi n? contribution is the con-
struction of an appyoximstely baumﬁ&rda-datar{nniatic ianguage without
parentheses. (Thers ars problems convarting jfwtwle of a parenthesis={ron
pmpﬂai:“‘c:i.onal cajonlue into & backwards=deterministic langusge- For exam-
rle, the problem of providing for an infinite mumber of propopitional varia-
bles. These problems are not unsurmountaeble » tut it does not seem worth-
whils to discuse them here.)}

it 18 ot ¢ifficuit to verify thet Theowems 2, 3 and L hold for such
granzrrﬂ » Unforvurately. Theorem S ia feise. For the grammar for the frag-
mr:‘;,\hukasiwi@z* propositional caieulus ia backwards-deterministic and re-

duzed. 3ut tha following equivalent redaved backwards-determiniatic grammar



ig not feomorphic to is

& =% X5
3 wad 05
& ol 805
S =~ P
8 =39
& 2

Tha squivalense problem, therefoxe, for general nackwards-datermindetic

coiataxtb-free Languages 1B Cpsi:



