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Example Einsum

Zm,n - Am,k X Bn,k

Operational Definition for Einsums (ODE):

o Traverse all points in space of all legal rank variable (index) values, i.e., the iteration space
¢ At each point in iteration space:

o Calculate value on right hand at the specified rank variable values for each operand

o Assign calculated value to operand at specified rank variable values on left hand side

o Unless that operand is non-zero, then reduce value into it
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Matrix multiply - simple traversal

Tensor: IS[K, N, M]

Rank: K

Rank: N 0 Rank: N 0 Rank: N 0

2 2 2
3 3 3
Tensor: A[M, K] Tensor: BIN, K]
Rank: K Rank: K
0 1 2 0 1 2
Rank: M 0 Rank: N 0
1 1
2 2
3 3
Tensor: z[M, N]
Rank: N
0 1 2 3
Rank: M 0
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Matrix multiply - complex traversal

Tensor: IS[K, N, M]

Rank: K

Rank: N 0 Rank: N 0 Rank: N 0

2 2 2
3 3 3
Tensor: A[M, K] Tensor: BIN, K]
Rank: K Rank: K
0 1 2 0 1 2
Rank: M 0 Rank: N 0
1 1
2 2
3 3
Tensor: z[M, N]
Rank: N
0 1 2 3
Rank: M 0
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A

Ak,m

K,M
Ak,m

K=X M=X
Ak,m

RR=XX,S55=XX
k,m

Tensor References

Rank variables: k, m
Rank names: "K", "M"
Rank shapes: K, M
Rank variables: k, m
Rank names: "K", "M"
Rank shapes: K, M
Rank variables: k, m
Rank names: "K", "M"
Rank shapes: X, X

Rank variables: k, m

Rank names: "RR", "SS"

Rank shapes: XX, XX
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Einsum Patterns

Zmn = Amk X Byp Matrix-matrix multiply
One rank (k) is contracted, and two ranks (m and n) are uncontracted
Zmn = Akm X By p Matrix-matrix multiply
Again, one rank (k) is contracted, and two ranks (m and n) are uncontracted
Zpm = Agm X Bp i Matrix-matrix multiply
Again, one rank (k) is contracted, and two ranks (m and n) are uncontracted
Zpq=Ap, X By, Matrix-matrix multiply

It doesn’t matter what the rank variables are.
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More Einsum Patterns

Zm = Agm X By Matrix-vector multiply

Zm = By, X Apm Matrix-vector multiply (its commutative)
Zmn = Am X By, Cartesian product

Iy = A X By, Element-wise multiply

Iy = A, + B, Element-wise addition (different operator)

Uhn Emer & Sze



Rank Variable Patterns

Z; = A; X B; Element-wise matrix multiplication

Zi; =4A;; X B Element-wise matrix multiplication
Repeated pairs of rank variables have no effect
Z(Z-,j) = A(i,j) X B(i,j) Element-wise matrix multiplication
Repeated pairs of rank variables can be treated as one rank variable
Zi; = Aij X By; Element-wise matrix multiplication

So the tuple coordinates can be treated as a single coordinate, where

ij=ixJ+7j
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Partitioned Einsum Patterns

Z; = A; X B; Element-wise matrix multiplication
If we assume ¢ = 41 x I0 + 20

Zﬂ,io = Ail,io X Bi1,io Element-wise matrix multiplication

Now we have a partitioned tensor {v-click}

Uk Emer & Sze



Partitioned Tensor Visualization

Vector A partitioned
i1=0 i1=1 i1=3

i0=0 i0=1 i0=2 i0=3 i0=0 i0=1 i0=2 i0=3 i0=0 i0=1 i0=2 i0=3 i0=0 i0=1 i0=2 i0=3

11=0

i1=1

11=2

11=3

i0=0 i0=1 i0=2 i0=3

Partitioning always adds a rank {v-click}
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Flattening

Zi1,i0 = Aiti0 X Biio Z(i1,i0) = A@1,i0) X B, io)

Vector A flattened

(0,0) (0,1) (0,2) (0,3) (1,0) (1,1) 1.2) (1,.3) (2,0) (2.1) (2,2) (2,3) (3,0) (3.1) (3.2) (3,3)

Sincei=il*10+i0
Vector A flattened and relabeled

i=0 =1 =2 =3 =4 =5 i=6 i=7 =8 i=9 =10 i=11 =12 i=13 i=14 =15
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Matrix-Matrix Multiplication Variants?

Zmn = Agm X By, Matrix-matrix multiply
Zm,n = Ak,l,m X Bk,l,n Zm,'n = Akl,m X Bkl,n Matrix-matrix multiply

in Zmpn = Akimp X Brin Matrix-matrix multiply

Uhn Emer & Sze



Convolution

Filter Weights

Inputs

Output

Oq = Iq+3 X F One-dimensional convolution
0? = Ig[_is X FSS One-dimensional convolution

15/198
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1D convolution - simple traversal

Tensor: F[S]

Tensor: IS[Q, S]

Rank: Q

Tensor: I[W]

Tensor: O[Q]
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1D convolution - complex traversal

Tensor: F[S]

Tensor: IS[Q, S]

Rank: Q

Tensor: I[W]

Tensor: O[Q]
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Rank Shapes

D
012345

Adjaceny matrix declaration:

GS’ZG,Dzﬁ or GS:V,DZV

Illil- Emer & Sze
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Fully Connected Computation

filters input fmaps output fmaps

«— T ——>

Variant of CONV layer with:

R ==
=W
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Fully Connected Computation

filters input fmaps output fmaps

Y
c R c’
Pe. ¢ / e

/ ® l<1—1—>“Mz

H
—w— /l<—w—>
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Fully Connected Computation

filters input fmaps output fmaps

Y
c R c’
Pe. ¢ / e

/ ® l<1—1—>fw

H
—w— /l<—w—>

Om = Ic,h,w X 'mechw

Einsum of FC computation
(does not enforce processing order)

Illil- Sze and Emer



Fully Connected Computation

int i[C][H][W]; # Input activations
int F[M]J[C][H][W]; # Filter weights
int o[M]; # Output activations

o[n] += i[cI[h][wI*f[n][cIhI[u]
4

Loop nest of FC computation
(enforces some processing order)
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Fully Connected Computation

int i[C][H][W]; # Input activations
int F[M]J[C][H][W]; # Filter weights
int o[M]; # Output activations
o[m] = ©; will ignore for simplicity
>

fopsc<in [0 G
FORe L™ RS = i)
for w in [0, W):
o[m] += i[c][h][w]*f[m][c][h][w]

4

Loop nest of FC computation
(enforces some processing order)

Sze and Emer
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Convert FC Compute to Matrix-Vector Multiply

Flatten C, H, W ranks to CHW

int i[C][H][W]; # Input activations
int f[M][C][H][W]; # Filter weights
int o[M]; # Output activations

for m in [@, M):
o[m] = @;
For ¢ 1nN[asvcen:
ROGH - y1 N0~ h";
for w in [0, W):
o[m] += i[c][h][w]*f[m][c][h][w]

4

int i[CHW];
int f[M][CHW];
int o[M];

for m in [0, M):
o[m] = 8;

# Input activations
# Filter weights
# Output activations

fon in [0, CHW):

o[m] += i[

J*F[CHW*m + ]

Sze and Emer




Convert FC Compute to Matrix-Vector Multiply

# Input activations

int i[C][H][W];
# Filter weights

int F[M][CI[H][W];

int i[CHW];
int f[M][CHW];
int o[M];

# Input activations
# Filter weights
# Output activations

int o[M]; # Output activations
for m in [0, M) for m in [0, M):

o[m] = @; o[m] = @;

for o 1k assae: for in [@, CHW):

foekhyin- 1O, KL o[m] += i[ 1*¥F[m][ ]
for w in [@, W):
o[m] += i[c][h][w]*f[m][c][h][w}” 14
filters input fmaps output fmaps Filters Input fmaps Output fmaps
< CHW—— g
-1 -
M X cHw = .

Sze and Emer



FC Compute as Matrix-Vector Multiply

Multiply all inputs in all channels by a weight and sum

Filters Input fmaps Output fmaps
CHW 11—

X
2}
T
=
|
=

Illil- Sze and Emer



10

FC Compute as Matrix-Vector Multiply

Multiply all inputs in all channels by a weight and sum
(increment )

Filters Input fmaps Output fmaps
CHW 11— .
o . 7 partial sum

X
2}
T
=
|
=
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FC Compute as Matrix-Vector Multiply

Multiply all inputs in all channels by a weight and sum
(increment )

Filters Input fmaps Output fmaps
CHW 11— .
Y . 7 partial sum

X
2}
T
=
|
=

Illil- Sze and Emer
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FC Compute as Matrix-Vector Multiply

Multiply all inputs in all channels by a weight and sum
(increment )

Filters Input fmaps Output fmaps
CHW —1—
W . (] completed sum

X
2}
T
=
|
=

Illil- Sze and Emer
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FC Compute as Matrix-Vector Multiply

Multiply all inputs in all channels by a weight and sum

Filters Input fmaps Output fmaps
—1—
CHW
— 1 =

X
2}
T
=
|
=
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FC Compute as Matrix-Vector Multiply

Multiply all inputs in all channels by a weight and sum
(increment m)

Filters Input fmaps Output fmaps
CHW 11—

] <1- —

X
2}
T
=
|
=
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Einsum for Flattened FC

Original Flattened

ze and Emer
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Einsum for Flattened FC

Original Flattened

Ic,h,w - IHxch+W><h+w - Ichw

ze and Emer
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Einsum for Flattened FC

Original Flattened

Ic,h,w - IHxch+W><h+w - Ichw

m,c,h,w - m,Hxch+W><h+w_) m,chw

Illil- Sze and Emer



Einsum for Flattened FC

Original Flattened

Ic,h,w - IHxch+W><h+w - Ichw

m,c,h,w - m,Hxch+W><h+w_) m,chw

Om = Ic,h,w X Pmehw Om = Ichw X m,chw

Illil- Sze and Emer
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Einsum for FC as Matrix Vector

Om = Ichw X m,chw

Filters Input fmaps Output fmaps
«— CHW — 1. <15
CHW
x | =

Sze and Emer
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FC Layer — Batch (N)

filters input fmaps

or - cr output fmaps

M7
¥

«—T —

—a—>
—

ze and Emer
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FC Compute > Matrix-Matrix Multiply

On,m = Ipchw X E m,chw
Filters Input fmaps Output fmaps
«— CHW— N N
CHW
M X l T M

After flattening, having a batch size of N turns the
matrix-vector multiply into a matrix-matrix multiply

Illil- Sze and Emer
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FC Compute > Matrix-Matrix Multiply

On,m n,chw X F m,chw

reduction on rank chw

Typical matrix multiplication notation (used in Lab)

Zm,n — Am,k X Bk,n

reduction on rank k

Note: for Einsum, the order of ranks does not matter

Illil- Sze and Emer



Convolution (CONV) Layer

Many
Input fmaps (N) Many
flters c Out|:"u)'t fmaps (N)
ol - T pas .
£ *
! } \ rH p 3\
| e i
!
R — i @ »p
«— Q—>

Mir Batch Size (N)

Sze and Emer
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Convolution Einsum

Algebraic Notation
C-1R-18-
o[n][m][p]lg] = bm] + ) | i[n][c][Up + r][Uq + s] x f[m][c][r][s]

c=0 r=0 s=0

—
—
p—

Einsum Notation
On,m,p,q — Bm + 1n,c,U><p+r,U><q+sX m,c,r,S

Note:
» There is a relationship between the ranks for the tensors used for convolution
» Not the case for fully connected
» Specifically, h=Uxp+r and w=Uxq+s = Use change of variables to capture this relationship

Illil- Sze and Emer



Convolution (CONV) Layer

Filter Input Fmap Output Fmap

3

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

3

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
3

Convolution steps

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
3

Convolution steps

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

3

2D dot Product

Convolution steps

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

3

2D dot Product

Convolution steps

Sze and Emer

30



Convolution (CONV) Layer

Filter

1
S

1

3

Input Fmap Output Fmap

2]  [EE = [z
2D dot Product Convolution steps

1]

[2]

Sze and Emer
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Convolution (CONV) Layer

Filter

2D dot Product C

1
S

1

3

*

Input Fmap Output Fmap

=

onvolution steps

1]

[2]

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

2] . [REE - [2
2D dot Product Convolution steps

1

]

S
3

1]2]

B

Sze and Emer



Convolution (CONV) Layer

Filter Input Fmap Output Fmap

2] . [EE - [2
2D dot Product Convolution steps

1

]

S
3

1]2]

B
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

2] . [EE - [2
2D dot Product Convolution steps

112] o [1]2]
3
% -
3
- [
L
3 B

]

—
[

w

—
2]

ol
r

Sze and Emer



Convolution (CONV) Layer

Filter

2D dot Product C

1
S

]

1

3

1]2]

w

—
2]

Input Fmap Output Fmap

*

.
-
.

-

onvolution steps Flattened

ol
r

Sze and Emer
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Convolution (CONV) Layer

Filter

2] , [

Input Fmap Output Fmap

-

ADES T [ L olution steps Flattened

1
S

]

1

3

1]2]

w

—
2]

-
-
-

ol
r

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

2] . [EE - [2
2D dot Product Convolution steps

112] o [1]2]
3
% -
3
- [
L
3 B

Flattened

]

=

—
[

w

—
2]

ol
r
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

2] . [EE - [2
2D dot Product Convolution steps

112] o [1]2]
3
% -
3
- [
L
3 B

Flattened

]

=

—
[

w

—
2]

ol
r
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

[12] . [ - [z
2D dotiFroduct Convolution steps

112] o [1]2]
3
% -
3
- [
L
3 B

Flattened

]

=

—
[

w

—
2]

ol
r
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Convolution (CONV) Layer

Filter

+ [
2D dot Product _ SRR steps

1
S

]

1

3

1]2]

w

—
2]

Input Fmap Output Fmap

-

-
-
-

ol
r

Flattened

»-=

Illil- Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap

T . (BB - [

1D dot
T Product
onvolution steps Flattened

Tz . o CEZEH o [ =T

3

L ]
o EE

]

]

—
[

w

—
2]

ol
r
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Convolution (CONV) Layer

Filter

* 2
2D dot Product Convolution steps

1
S

]

1

3

1]2]

w

—
2]

Input Fmap Output Fmap

=
1D dot

e

ol
r

Product

Flattened

»-=

)|

Illir Sze and Emer
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Convolution (CONV) Layer

Filter

+ (BBl =
1D dot
2D dotiFroduct Convolution steps

1
S

]

1

3

1]2]

w

—
2]

Input Fmap Output Fmap

e

ol
r

Product

Flattened

»-=

)|

Illir Sze and Emer



45

Convolution (CONV) Layer

Filter

+ (BBl =
1D dot
2D dotiFroduct Convolution steps

1
S

]

1

3

1]2]

w

—
2]

Input Fmap Output Fmap

e

ol
r

Product

Flattened

»-=

)|
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Convolution (CONV) Layer

Filter

+ (BBl =
1D dot
2D dotiFroduct Convolution steps

1
S

1

3

3

]

[

2]

Input Fmap Output Fmap

ol
r

Product

Flattened

»-=

S
(EEE o E = (2]

Sze and Emer
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Convolution (CONV) Layer

Filter

+ (BBl =
1D dot
2D dotiFroduct Convolution steps

1
S

1

3

3

]

[

2]

Input Fmap Output Fmap

e

ol
r

Product

Flattened

»-=

S
(EEE o E = (2]

¥

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
2] . 2B = [
Convolution

!

Flattened

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
2] . 2B - [
Convolution

!

Flattened

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
2] . [EE = [12
Convolution
Flattened

C2EmE o [ =[]

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
(2] . [OEE - [12
Convolution
Flattened

C2EmE o [ =[]

Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
(2] . [OEE - [12
Convolution
Flattened

(ZEE « @ = GEEE e« F=[E 1 -

Sze and Emer
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Convolution (CONV) Layer

0

Filter Input Fmap Output Fmap
(12] . OB = [12
Convolution:
Flattened

=01 | LB o [2]=[12] ] -

Sze and Emer
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Convolution (CONV) Layer

Flattened

-=m |I1I25I-=

I||i|- Sze and Emer



Convolution (CONV) Layer

-=m II1IZWI0=
2 ,

Flattened

Sze and Emer
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Convolution (CONV) Layer

-= | 12313 e
2

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

[ Ix = 1]

Illil- Sze and Emer
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Convolution (CONV) Layer

o [l =0T ] [I2[374] e
2

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

5 o —

Illil- Sze and Emer
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Convolution (CONV) Layer

0= | (2514 e
2

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

ERE x [ | = [

Illil- Sze and Emer
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Convolution (CONV) Layer

o=|1| | 21314 e
2

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

112[314] x [T

—

Illil- Sze and Emer
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Convolution (CONV) Layer

°=IJ1 | (203141 o
2

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

112[3]4] x [T

—

Illil- Sze and Emer
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Convolution (CONV) Layer

= [[2] ]

-=Iﬂ | [I2504] o [2
2

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

123.x

—

Illir Sze and Emer
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Convolution (CONV) Layer

= [[2] ]

-=Iﬂ | [I2504] o [2
2

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

123.x

]
RN
N

Illir Sze and Emer
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Convolution (CONV) Layer

= (B -

0=|ﬂ | [I2314] o [2]
2 z

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

123.x

Illil- Sze and Emer



Convolution (CONV) Layer

= [[2] ]

0=|ﬂ | [I2314] o [2]
2 z

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

123.x

Illil- Sze and Emer



Convolution (CONV) Layer

= [[2] ]

0=|ﬂ | [I2314] o [2]
2 z

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

123.x

]
RN
N
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Convolution (CONV) Layer

= [[2] ]

0=|ﬂ | [I2314] o [2]
2 z

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

123.x

]
RN
N

Illil- Sze and Emer



Convolution (CONV) Layer

= [[2] ]

0=|ﬂ | [I2314] o [2]
2 z

Flattened

!

Matrix Multiply (by Toeplitz Matrix)

123.x

]
RN
N

Illil- Sze and Emer
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Convolution (CONV) Layer

Filter Input Fmap Output Fmap
2] . [RE = [
Convolution:

Matrix Multiply (by Toeplitz Matrix)

Convert to matrix multiply using the Toeplitz Matrix

ir (aka ‘im2col’) Sze and Emer



Convolution (CONV) Layer

Filter Input Fmap Output Fmap
2] . OEE = [2
Convolution:

!

Matrix Multiply (by Toeplitz Matrix)

Data is repeated
T

Sze and Emer
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Convolution (CONV) Layer

Filter
- C >

: 12 | |- 1{2(3f [ [
*

Chnl1 Chnl 2

Multiple Input Channels

Input Fmap Output Fmap

P o
>

Chnl 1

789
Chnl 2

Chnl 1

Key:
Black: Input channel 1
Yellow: Input channel 2

Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap Output Fmap
< C > < C >
. IIII!I 2 (1]2 2 S - [1[2 Chnl 1
Filter 1 o 4 * G n
789
Chnl1 Chnl 2 Chnl1 Chnl 2

Key:
Black: Input channel 1
Yellow: Input channel 2

Illil- Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

Chnl 1

Filter 1 [TT2]314) «

. CETZ0E o

Chnl 1

Illil- Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

Chnl 1

Fiter 1 [1T2T3T4] x

. CETZ0E o

Chnl 1

Toeplitz
converted inputs

Illil_ Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

Chnl 1

Fiter 1 232 TN

. CETZ0E o

Chnl 1

Toeplitz
converted inputs

Illil_ Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

Chnl 1 Chnl 2

Fiter 1 232 TN

. CETZ0E o

Chnl 1

Toeplitz
converted inputs

Illil_ Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

nl 1 Chnl 2

Fiter 1 [IT2TSTAT TN

. CETZ0E o

Chnl 1

Toeplitz
converted inputs

Illil- Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

nl 1 Chnl 2

Fiter 1 [IT2TSTAT TN

. CETZ0E o

Chnl 1

Toeplitz
converted inputs

Chnl 2

Illil- Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

nl 1 Chnl 2

Fiter 1 [IT2TSTAT TN

[z o

Chnl 1

Toeplitz
converted inputs

Chnl 2

Illil- Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels and Output Channels

Filter
- C >

: 1{2 (1]2]3| [ [ ]
*
et (57| [ . 45 6

Chnl1 Chnl 2

Input Fmap Output Fmap

P o
>

Chnl 1

789
Chnl 2

Chnl 1

Key:
Black: Input channel 1
Yellow: Input channel 2
Underlined: Output channel 2

Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels and Output Channels

Filter Input Fmap Output Fmap
1 IR2B
Chnl 1
memua H-E
8 9
Filter 2 = Chnl 1 Chnl2
Chnl1 Chnl 2
Key:

Black: Input channel 1
Yellow: Input channel 2
Underlined: Output channel 2

Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels and Output Channels

Filter Input Fmap Output Fmap

3
v

P o

: [1]2]8] | | | Chnl 1
memua B
8 9
Filter 2 Chnl 1 ChnI2 — Chnl 2
Chnl1 Chnl 2
Key:

Black: Input channel 1
Yellow: Input channel 2
Underlined: Output channel 2

Illil- Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels and Output Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

nl 1 Chnl 2

Fiter 1 (123141 TN

[z o

Chnl 1

Chnl 2

Illil- Sze and Emer



Convolution (CONV) Layer

Multiple Input Channels and Output Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

Chnl 1 Chnl 2

Filter 1 [ 11213 Fal |~ 1<
Filter 2 34l | B

[z o

Chnl 1

Chnl 2

Illil- Sze and Emer
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Convolution (CONV) Layer

Multiple Input Channels and Output Channels

Filter Input Fmap as Output Fmap
Toeplitz matrix

Chnl 1 Chnl 2

Filter 1 [ 11213 Fal |~ 1<
Filter 2 34l | B

112 Chnl 1
1]2 Chnl 2

Illil- Sze and Emer
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Convolution (CONV) Layer - Matrix Multiplication

Dimensions of matrices for matrix multiply in convolution layers with batch size N

Filters Input fmaps Output fmaps
CRS PQN PQN
CRS
" x [l |=

where P=H-R+1 and Q=W-S+1

Illil- N=2 in example Sze and Emer



1-D Toeplitz Convolution Einsum

Sze and Emer

86



1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1

Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1

Og = lg4s X Fg

Sze and Emer

89
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1

Convolution can be represented in two steps

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1

Convolution can be represented in two steps

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1
Convolution can be represented in two steps

Tq,s — Iq+s

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1
Og = lg4s X Fg
Convolution can be represented in two steps
Tq,s — Iq +s

T,

0 q,S

q= X Iy

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1
Convolution can be represented in two steps

Step (1) Iqs = lg+s

0 T,

q,s>< S

q p—

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1
Convolution can be represented in two steps

Step (1) Iqs = lg+s

0 T,

q,s>< S

q p—

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s
Simplify to 1-D with N=1, C=1, M=1, U=1
Og = lg4s X Fg
Convolution can be represented in two steps
Step (1) Iqs = lg+s
Step (2) 0q = Tq,S X I

Illil- Sze and Emer



1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1
Og = lg4s X Fg
Convolution can be represented in two steps
Step (1) Tq,S — Iq +S Toeplitz conversion
Step (2) 0q = Tq’ ¢ X [y

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1
Og = lg4s X Fg
Convolution can be represented in two steps
Step (1) Tq,S — Iq + Toeplitz conversion
Step (2) Oq — Tq,S X g Matrix multiplication

Illil- Sze and Emer



99

1-D Toeplitz Convolution Einsum

On,m,p,q = Inc,Uuxp+r,Uxg+s X ‘'mecr,s

Simplify to 1-D with N=1, C=1, M=1, U=1
OCI = Iq+s X I's  1-D convolution
Convolution can be represented in two steps
Step (1) Tq,S — Iq + Toeplitz conversion
Step (2) Oq — Tq,S X g Matrix multiplication

Illil- Sze and Emer



1-D Toeplitz Convolution Einsum

100

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

[T2[5] « C2ICIZ05I8 = (T[S0

Sze and Emer
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1-D Toeplitz Convolution Einsum

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

* =

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

* =

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

* =

Illil- Sze and Emer



1-D Toeplitz Convolution Einsum

104

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

(23]  [AZ[E = (25

[I23] X

Sze and Emer



1-D Toeplitz Convolution Einsum

105

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

(2] « CREEEE = (25

[I23] X

Sze and Emer



1-D Toeplitz Convolution Einsum

106

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

(2[5 « CEGEEE = [ZEm

2[38] X
&

Sze and Emer



1-D Toeplitz Convolution Einsum

107

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

(2[5 « CEGEEE = [ZEm

2[38] X =
&

Sze and Emer



1-D Toeplitz Convolution Einsum

108

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

*

2[38] X
&

Sze and Emer



1-D Toeplitz Convolution Einsum

109

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

*

—_—

[I2[3] X [

Sze and Emer



1-D Toeplitz Convolution Einsum

110

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

*

H

Sze and Emer



1-D Toeplitz Convolution Einsum

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

1123] % [TlsTzlsmEl

[
]
[]

[
=]
[]

Sze and Emer
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1-D Toeplitz Convolution Einsum

112

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

[12[3] » [T = CT2Iem

Sze and Emer



1-D Toeplitz Convolution Einsum

113

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

* =
=

Sze and Emer



1-D Toeplitz Convolution Einsum

114

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

* =
=

Sze and Emer



1-D Toeplitz Convolution Einsum

115

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

(123] * (250

[EE X |5 = [i[z]

[
]
[]

Sze and Emer



1-D Toeplitz Convolution Einsum

116

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

(123] * (250

[EE X |5 = [i[z]

[
]
[]

Sze and Emer



1-D Toeplitz Convolution Einsum

117

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

(123] * (250

[EE X |5 = [i[z]

[
]
[]

Sze and Emer



1-D Toeplitz Convolution Einsum

118

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

* [1[2]3 =
=

Input Fmap (7 ;)

Sze and Emer



1-D Toeplitz Convolution Einsum

119

Review: lllustrating two steps for 1-D convolution

Filter (5) Input Fmap (/4+s)  Output Fmap (0,)

* [1]2]3]

[
]
[]

[
=]
]

Input Fmap (7 ;)

Let's show how the Einsum performs this process...

Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

012345
| q+s 1 1213T4T5T8

q

—t—
01 2 3

0
1 ],s
S 5 q

Filter Input Fmap (7, ;) Output Fmap

mx?=

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012 345 q s q+s
| q+s U 1213T4TST8l 0 0 0
q
—t—
0123
" T,
1
S q,s
2
Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012 345 q s q+s
s (ZEEIEE o o o

q

—t—
01 2 3

O 1
1 ],s
S 5 q

Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer




123

1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012 345 q s q+s
s (ZEEIEE o o o
0

q

—t—
01 2 3

O 1
1 ],s
S 5 q

Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012 345 q s q+s
s (ZEEIEE o o o
0

q

—t—
01 2 3

01
1T [2 ],S
32 q

Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012345

q s
| q+s U 1213T4TST8l 0 0 0
q 0 1 1
PR W 0 2 2
0123
0 [4 T
T 12
S q,s
2
Filter Input Fmap (7,5)  Output Fmap

EE x B - [zEm

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

o]
o]
+

012345
| q+s 1 1213T4T5T8

q

—t—
01 2 3

01
1T [2 ],S
32 q

Filter Input Fmap (7,5)  Output Fmap

S

o O o

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

012345
| q+s U 1213T4TST8l 0 0 0
q 0 1 1
PR W 0 2 2
01 2 3 1 0 1
0 [4 T
1 |2
S q,s
2
Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

012345
| q+s U 1213T4TST8l 0 0 0
q 0 1 1
PR W 0 2 2
01 2 3 1 0 1
0 [1]2
S 1 2 qus
2
Filter Input Fmap (7,5)  Output Fmap

EE x B - [zEm

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

o]

o]
+
(/7]

012 345 s
| q+s U 1213T4TST8l 0 0 0
q 0 1 1
PR W 0 2 2
01 2 3 1 0 1
0 [1]2
1 1 2
S 1 2 qus
2
Filter Input Fmap (7,5)  Output Fmap

EE x B - [zEm

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

o]
o]
+
(/7]

012 345 s
| g+.s (2 I3TT508] o o o
q 0 1 1
0 2 2
01 2 3 1 0 1
112
1 1 2
{ B
Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer




1-D Toeplitz Convolution Einsum

131

Example of execution of step (1) Topelitz conversion

012345
| q+s 1 1213T4T5T8

q

0123

112
=l

Filter Input Fmap (7,5)  Output Fmap

=

= (2

[T2[3] X

Ko
2

- A A O O O

N = O N =~ o 7

— Iq+s

+s

0
1
2
1
2
3

Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012345

| g+s U12IeT4T5T8] 0 0 0
q 0 1 1
0 2 2
01 2 3 1 0 1

112
T 1 1 2
Ll

Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012345

| g+.s (2 I3TT508] o o o
q 0 1 1
0 2 2
01 2 3 1 0 1

112
T 1 1 2
L
2 0 2

Filter Input Fmap (7,5)  Output Fmap

=

= (2504

Illil- Sze and Emer

[T2[3] X
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012345
| q+s U 1213T4TST8l 0 0 0
q 0 1 1
0 2 2
01 2 3 1 0 1
O .. T 1 1 2
4.5 1 2 3
2 0 2
Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq s = 1q+s

012345
| q+s U 1213T4TST8l 0 0 0
q 0 1 1
0 2 2
01 2 3 1 0 1
O .. T 1 1 2
4.5 1 2 3
2 0 2
Filter Input Fmap (7,5)  Output Fmap

Illil- Sze and Emer



136

1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

012345
| g+s [ 23ATE08] o o o
q 0 1 1
0 2 2
01 2 3 1 0 1
O .. T 1 1 2
4.5 1 2 3
2 0 2
. N 2 1 3
Filter Input Fmap (7,5)  Output Fmap

=

= (2504

Illil- Sze and Emer

[T2[3] X
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

012345
I+ (2SI
q
01 2 3

O .. .
Iq,s
.-

Filter Input Fmap (7,5)  Output Fmap

N N = =~ o~ O O o
= O N = O N = o
w N WDN =~ NN = o

Illil- Sze and Emer
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1-D Toeplitz Convolution Einsum

Example of execution of step (1) Topelitz conversion Tq g = 1q+s

012345
I+ (2SI
q
01 2 3

{O
CIS

Filter Input Fmap (7,5)  Output Fmap

N N = =~ o~ O O o
= O N = O N = o
w N WDN =~ NN = o

Illil- Sze and Emer
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2-D Toeplitz Convolution Einsum

Illir Sze and Emer
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2-D Toeplitz Convolution Einsum

Om,p,q — Ic,p+r,q+s X I'mer.s

Illil- Sze and Emer
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2-D Toeplitz Convolution Einsum

Om,p,q — Ic,p+r,q+s X I'mer.s

Break out Toeplitz conversion

Illil- Sze and Emer



2-D Toeplitz Convolution Einsum

142

Om,p,q — Ic,p+r,q+s X I'mer.s

Break out Toeplitz conversion

Tc,p,q,r,s — Ic,p+r,q+s

Sze and Emer



2-D Toeplitz Convolution Einsum

143

Om,p,q — Ic,p+r,q+s X I'mer.s

Break out Toeplitz conversion

Tc,p,q,r,s — Ic,p+r,q+s

Flatten ranks

Sze and Emer



2-D Toeplitz Convolution Einsum

144

Om,p,q — Ic,p+r,q+s X I'mer.s

Break out Toeplitz conversion

Tc,p,q,r,s — Ic,p+r,q+s

Flatten ranks

crs - TC

T

pq, 0,4,7,S

Sze and Emer



2-D Toeplitz Convolution Einsum

145

Om,p,q — Ic,p+r,q+s X I'mer.s

Break out Toeplitz conversion

Tc,p,q,r,s — Ic,p+r,q+s

Flatten ranks

crs - TC

T

pq, 0,4,7,S

Sze and Emer



2-D Toeplitz Convolution Einsum

146

Om,p,q — Ic,p+r,q+s X I'mer.s

Break out Toeplitz conversion

Tc,p,q,r,s — Ic,p+r,q+s

Flatten ranks

crs - TC

T

pq, 0,4,7,S

m,crs — m,c,1,S

Sze and Emer



2-D Toeplitz Convolution Einsum

147

Om,p,q — Ic,p+r,q+s X I'mer.s

Break out Toeplitz conversion

Tc,p,q,r,s — Ic,p+r,q+s

Flatten ranks

crs - TC

T

pq, 0,4,7,S

m,crs — m,c,1,S

Om,pq = Ipg,crs X I'myrs

Sze and Emer
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Convolution (CONV) Layer - Matrix Multiplication

Filters Input fmaps Output fmaps
CRS PQ PQ
CRS
M X l T oM

where P=H-R+1 and Q=W-S+1

Illil- N=1in example Sze and Emer
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Convolution (CONV) Layer - Matrix Multiplication

Om,pq = qu,crs X I'mycrs

Filters Input fmaps Output fmaps
CRS PQ PQ
CRS
M X l T oM

where P=H-R+1 and Q=W-S+1

Illil- N=1in example Sze and Emer



150

Convolution (CONV) Layer - Matrix Multiplication

Include N rank

Filters Input fmaps Output fmaps
CRS PQN PQN
CRS
M X l T oM

where P=H-R+1 and Q=W-S+1

Illil- Sze and Emer
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Convolution (CONV) Layer - Matrix Multiplication

Include N rank

Filters Input fmaps Output fmaps
CRS PQN PQN
CRS
M X l T oM

where P=H-R+1 and Q=W-S+1

Illil- Sze and Emer
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Convolution (CONV) Layer - Matrix Multiplication

Include N rank Ompan = Tpgners X Fmers
Filters Input fmaps Output fmaps
CRS PQN PQN
CRS
M X l T oM

where P=H-R+1 and Q=W-S+1

Illil- Sze and Emer
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Summary

We have shown how FC and CONV layers can be converted into matrix
multiplication
There are many ways to compute this matrix multiplication

— i.e., the MACs can be performed in many different orders and achieve the same output

However, the processing order impacts hardware metrics such as energy and
latency

— e.g., processing order can affect the amount of data movement

Illil- Sze and Emer
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Attention



Convolution vs Attention

Convolution
¢ Only models dependencies between spatial neighbors

o Use sparsely connected layer to spatial neighbors; no support for dependencies outside of spatial dimensions
of filter (R x S)

o Fixed region of interest in input for given output

Attention
+ "Allows modeling of global dependencies without regard to their distance" (Vaswani, NeurlPS 2017)

* However, fully connected layer is too expensive; develop mechanism to bias "the allocation of available
computational resources towards the most informative components of a signal" (Hu, CVPR 2018)

+ Dynamically select region of interest in input for given output

Uhn Emer & Sze


https://papers.nips.cc/paper/7181-attention-is-all-you-need
https://arxiv.org/abs/1709.01507

Transformers

rropepes * Built from Attention Mechanism Vaswani,NeurlPS
2017

+ Widely used for natural language processing (e.g.,

Feed GPT-3 Brown, NeurlPS 2020), since long
Forward . .
I : dependencies between words exist
Add & Norm
- Add & Norm ) - Al df ther f f data includi di
— Nlliltl-rmzid ¢ Also used for other forms of data including — audio
Forward 77 Nx (e.g., AST Gong, Interspeech 2021) — vision (e.g.,
. AGd & Norm VIT Dosovitskiy, ICLR 2021)
'—’MM Masked
Multi-Head Multi-Head
Attention Attention
At At 2
— v, \ _JJ
Positional o) & Positional
Encoding Encoding
Input Output
Embedding Embedding
Inputs QOutputs
(shifted right)

Image Source: [Vaswani, NeurlPS 2017]

Emer & Sze



Format of Input into Attention Mechanism

tokens [‘heHo', 'Wor‘dla "”]

token

e [7592, 2088, 994]

Image Source: https://towardsdatascience.com/why-are-there-so-
many-tokenization-methods-for-transformers-a340e493b3a8

Output

Transformer Encoder

ﬁﬁﬁﬁﬁﬁiﬁi

+ +

SgnagEngH

Lnear Projection

éﬁéibiﬁi

h:yrlt Spectragram H l ﬂ
Patch Splirwith Overlap E ' E

AST [Gong, Inferspeech 2021] ~ Sze and Eme

Break input into chunks referred to as tokens

— For a sentence, each word is a token
— For an image, each patch of pixels is a token
— For audio, each patch of spectrogram is a token

Support variable sized input by processing a sequence of "tokens" one at a

time

Emer & Sze



Multi-head attention

1) This is our 2) We embed 3) Split into 8 heads. 4) Calculate attention

input sentence* each word* We multiply X or using the resulting
R with weight matrices Q/K/V matrices

W@
X 7_:.;MMK

. Qo
Thinking
Machines WOV Ko
S =

wio
* In all encoders other than #0, P W K Q1
we don’t need embedding. H wqV : K1
We start directly with the output H V4

of the encoder right below this one —

Source: https://jalammar.github.io/illustrated-transformer

5) Concatenate the resulting ~ matrices,
then multiply with weight matrix W" to
produce the output of the layer

aEE
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Attention Mechanisms as Einsums

Based on collaborations with:

+ Nandeeka Nayak (UC Berkeley)
¢ Alice Wu (UCLA)

e Chris Fletcher (UC Berkeley)

¢ Michael Pellauer (NVIDIA)

Uhn Emer & Sze



Diagram Conventions

¢ Rounded box - Tensor

o Examples: A, B, AB, Z

wz e Hexagonal box — Operation

o Examples: X, softmazx

o Vertical lined box — Projection

o Examples: xW Z

Uhn Emer & Sze



Overall Encoder Structure

Encoder Input Add+Norm Add+Norm Encoder Output ]
Self Attention Feed Forward

Uhn Emer & Sze



Basic Self-Attention Encoder Computation

Note: Some constant scaling steps are not illustrated.
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Inputs (Vocabulary Embedding)

Convert word sequence in one-hot representation to tokens in embedding space d.

OREERG

Note: Only relevant to first attention computation in a chain of transformers

Im,d - I-Ra'n,c X WIc,d
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Calculate Key (K) and Query (Q))

Compute projections of I from d-space for "key" (K) and "query" ((Q) into e-space

Qm,e =dma X WQd,e
Km,e =dma X WKd,e
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Multiply Key and Query

Create pre-softmax attention matrix

M,P=M __ AM,E
QKmap - Qp,e X Km,e

o @ = f
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Calculate Softmax

Create numerator (SIN) and denominator (S'D) for softmax and then do scaling...

SD, = SN,,,

Softmax Activation Function

App =S8N, ,/SD,

Emer & Sze



Calculate Value (V) 187 /198

Project I from d-space to f-space to form V.

[I]——V WV Vm7f — Im,d X W‘/:i’f

Mir Emer & Sze



Create output (2)

Multiply V" and A and project from f-space into g-space

AT Vi

Zipg = AVpy x Wiy,

Note: Embedding g is often the same as embedding d.
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Full Cascade

Im,d — IRfm,c X WIc,d SDp — SNm,p
Km,e —4m,d X WKd,e Amap - SNm,P/SDp
Qm,e = Im,d X WQd,e Vm,f - Im,d X WV;Jl,f
_ P=M.,F
QKHJ\;‘[’;;P M _ Z%,E X Km,e AV;;,f = Am,p X Vm,f
SNmaP — ewp(QKm,p) Zp’g = AV;,,f X WZf,g
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Computation Properties of Attention Mechanism

Many matrix multiplications

— Three matrix multiplications for input projections

— One matrix multiplication for output projections

— Two matrix multiplications for computing scaled-dot product attention
— A total of five matrix multiplications plus one for output projection

Parallel processing opportunities
— Parallel multiplications across projections of Q, K, and V

Sequential dependency between matrix multiplications
— Within attention: QK then multiply by V
— Between projection and attention: Input projections - Attention — Output projection
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Computation Properties of Attention Mechanism

Do operands change?
e Matrices WQ, WK, WV, and WZ do not change with input (static)

¢ Reuse WQ, WK, WV , and WZ across input tokens

¢ All other matrices (including Q, K, and V) change with input (dynamic)

Compute:
o Complexity based on size of matrices and number of tokens

¢ Number of MACs scales quadratically with number of input tokens

Storage:
¢ Input token matrix I,

¢ Weight storage for WQ, WK, WV and WZ
¢ Intermediate matrices (including Q, K, V),

¢ Output token matrix Z
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Batched Attention

SDyp, = SNymp
Ab,m,p - SNb,m,p/SDb,p

Ib,m,d - IRb,m,c X WIc,d

Kb,m,e - Ib,m,d X WKd,e

Qb,m,e = Ib,m,d X WQd,e V;J,m,f = Ib,m,d X W‘/;i,f
B M,P=M  ~B,M,E B,P=M,F
Q b,m,p o b,p, X Kb m,e AV b,p,f Ab,m,p X %;m;f

SNb,m,p = emp(QKb,m,p) Zb,p,g = A%,p,f X WZf,g
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Attention Mechanism: Multi-Head Attention

1 Desirable to capture different behaviors
i — e.g., shorter range versus longer range

3 Allow for different transforms of Q, K, and V.

Concat — This is referred to as multi-head attention, where h is the number of
YV heads.

C Transforms are performed with linear projections
Scaled Dot-.Product J& h — Three matrix multiplications (WQ, WK, WV ) per head
Attention N
(10 (Y0 18 Outputs are concatenated and undergoes a linear projection

Lo o o= — Another matrix multiplication (WZ)
Linear Linear Linear

Vv K

Source: https://d2l.ai/
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Multi-head Attention

(skipping initial embedding step)
Ky hme = Loma X WK e

Qb hme = Ioma X WQahe

QKB,H,M,P:M _ ~B,H,M,E
b’h7m7p o b’h’p76

SNphmp = exp(QKp hm.p)

SDypp = SNphmp

X Kb,h,m,e

Ay hmp = SNohmp/SDohp
Vonm,f = Ioma X WVapn, g
B,H,P=M,F _

A-‘/;),h,p,f - Ab,h,m,p >< ‘/b,h,m,f

B,P=M,G=HxF _
Cb,p,hXF—|—f _ A%Jlap?f

Zvpd = Chpf X W2yd
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Rank Names

Word/token length ranks
o M - sequence length for the query, key and value in self-attention

o P - alias of sequence length for the rank of QQ K coming from Q
e R - sequence length for the query in non-self-attention

Vocabulary/embedding ranks
o (' -dictionary size (words in vocabulary)

D - input global space embedding (d;nodel)

FE - query and key’s local space embedding (d})

F' - value’s local space embedding (d,)

G - output embedding

Other ranks
e B - batch size

e H - heads in multi-head attention
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Input and Trained Tensors

Input tensors
e TRM:C _yaw input (input to first layer only)
o JM,D _ input after embedding (input to subsequent layers)

Weight tensors
« WICP _\weight tensor to create T

« WKP-F _weight tensor to create K
« WQPF - weight tensor to create Q
o WVD-F _weignht tensor to create V

« WZF.G _weight tensor to create Z

Note: Superscripts are names of the ranks
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Principal Intermediate Tensors

Input projections
o KM:F ey

« QP - query
o« VMF _yalue

Other tensors
o AMP _ pttention tensor

« ZPG - output tensor
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Other Intermediate Tensors

Product tensors

« QKMP . Qx K
« AVEF _AXV

Softmax component tensors
o SNM-P _ softmax numerator

e SDP - softmax denominator
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