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Reduce the reuse distance between accesses to a tensor value so that
the value can be retained in a buffer

Indentifying separate sets of data for computing in parallel

Objectives of Partitioning 3 / 76
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Note how for each output value the entire A tensor is traversed

Unpartitioned Matrix-Vector Computation

Z ​ =m A ​ ×k,m B ​k

# Matrix-vector multiply

for m in range(M1):
    for k in range(K):
         Z[m] += A[k,m] * B[k]

0:00 / 1:06
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http://localhost:12445/partitioning/matrix-vector_multiply_unpartitioned.mp4
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Unpartitioned

Partitioned

Where: 

Vector A partitioned

A:

i1 = 0

i0=0 i0=1 i0=2 i0=3

i1 = 1

i0=0 i0=1 i0=2 i0=3

i1 = 2

i0=0 i0=1 i0=2 i0=3

i1 = 3

i0=0 i0=1 i0=2 i0=3

A:

i1=0

i1=1

i1=2

i1=3

i0=0 i0=1 i0=2 i0=3

Partitioning always adds a rank
Note: .

Partitioning a Vector

A ​i

A ​i1,i0

i ≡ i1 × I0 + i0

I = I1 × I0
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Unpartitioned

Partitioned

Where: 
and 

Matrix A

Rank K (16)

R
a
n
k
 M

 (
1
6
)

Tiled Matrix A

(0,0) (0,1) (0,2) (0,3)

Partitioning always adds a rank???

Note:  and 

Partitioning a Matrix

A ​k,m

A ​k1,k0,m1,m0

k ≡ k1 × K0 + k0
m ≡ m1 × M0 + m0

K = K1 × K0 M = M1 × M0
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Note how computation stays in an M0 x K0 tile of  and an row of .

Partitioned Matrix-Vector Computation

A ​k1,k0,m1,m0

B ​k1,k0

Z ​m1,m0

Z ​ =m1,m0 A ​ ×k1,k0,m1,m0 B ​k1,k0

# Matrix-vector multiply
for m1 in range(M1):
    for k1 in range(K1):
        for m0 in range(M0):
            for k0 in range(K0):
                Z[m1,m0] += A[k1,k0,m1,m0] * B[k1,k

0:00 / 1:06

A B
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http://localhost:12445/partitioning/matrix-vector_multiply_partitioned.mp4
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This example shows partitioning of element-wise multiplication to achieve parallelism

Unpartitioned Partitioned

A:

i1=0

i1=1

i1=2

i1=3

i0=0 i0=1 i0=2 i0=3

Partitioning for Parallelism

Z ​ =i A ​ ×i B ​i Z ​ =i1,i0 A ​ ×i1,i0 B ​i1,i0

spatial-for i1 in [0,I1):
    for i0 in [0,I0):
       z[i1,i0] = a[i1,i0] * b[i1,i0]

0:00 / 0:06
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http://localhost:12445/partitioning/elementwise_multiply_partitioned.mp4
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Distributed Matrix Multiply
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The obective of the this mapping is to perform a distributed matrix multiply where only
portions of the operands fit in the storage of each processing element. The basic
computation is:

This implemenation is based on the algorithm used in [Spector, ThunderKittens, ICLR 2025]

Objective

Z ​ =m,n A ​ ×k,m B ​k,n
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The basic idea of this dense matrix-matrix multiply is to facilitate the implementation of a parallel dataflow using the
following Einsum on partitioned ,  and  tensors:

Which is equivalent to this computation with flattened ranks:

Then linearizing the tuples results in:

Substitution results in the original matrix multiply

Overview

A B Z

Z =m1,m0,n A ​ ×k1,k0,m1,m0 B ​k1,k0,n

Z =(m1,m0),n A ​ ×(k1,k0),(m1,m0) B ​(k1,k0),n

Z ​ =(m1×M0+m0),n A ​ ×(k1×K0+k0),(m1×M0+m0) B ​(k1×K0+k0),n

Z ​ =m,n A ​ ×k,m B ​k,n
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Original computation

Delayed reduction variant
1. Move  to the left hand side to delay the reduction

2. Do the reduction

Delayed Reduction

Z =m1,m0,n A ​ ×k1,k0,m1,m0 B ​k1,k0,n

k1

ZT ​ =k1,m1,m0,n A ​ ×k1,k0,m1,m0 B ​k1,k0,n

Z ​ =m1,m0,n ZT ​k1,m1,m0,n
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The partitions of the operands can be distributed to a set of PEs. So that we will ultimately
use  PEs (GPUs in the original work) to perform the matrix multiplication

Distributed partitions

G
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g = 0

(M
1,

M
0)

K0

g = 1

(M
1,

M
0)

K0

g = 2

(M
1,

M
0)

K0

Structure:
G matrices (one per K1 value)

Each local matrix has shape: K0 × (M1 × M0)

Rows indexed by flattened (m1, m0) pairs

Columns indexed by k0

Distributed A - ADG,K0,M1,M0
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g = 0

N

K0

g = 1

N

K0

g = 2

N

K0

Structure:
G matrices (one per K1 value)

Each local matrix has shape: K0 × N

Rows indexed by n

Columns indexed by k0

Distributed B - BDG,K0,N
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g = 0

N

M0

g = 1

N

M0

g = 2

N

M0

Structure:
G matrices (one per M1 value)

Each local matrix has shape: M0 × N

Rows indexed by n

Columns indexed by m0

Distributed Z - ZDG,M0,N
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Distribution

Main Computation

Finalization

Einsums!

AD ​ =g,k0,m1,m0
G,K0,M 1,M 0

A ​g,m1,k0,m0
K1,M 1,K0,M 0

BD ​ =g,k0,n
G,K0,N

B ​g,k0,n
K1,K0,N

ZL ​ =g,m1,m0,n
G,M 1,M 0,N

AD ​ ×g,k0,m1,m0 BD ​g,k0,n

ZD ​ =g,m0,n
G,M 0,N ZL ​h,g,m0,n

Z ​ =g,m0,n
M 1,M 0,N ZD ​g,m0,n
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The approach is to partition the input tensors  and  and output tensor  and distribute
the chunks of those tensors to  PEs. The key point is that after distribution each PE has all
the m and n values for the a part of the multiplication but only a part of the k values, so the
results of the PE-local computations must be combined together. So the main activity of the
algorithm is to do the following:

Perform the matrix-matrix multiplications for all values of m and n for a subset of the k
values. Given the distribution pattern, this corresponds to a totally local matrix multiply.

Send the result of the local matrix multiply to the partitions of the outputs that need it
and reduce.

The trick is doing the reduction efficiently…

Approach Summary

A B Z

G
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Partitioned Attention
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Run  in parallel

Attention - Tensor Parallel

I ​ =b,m,d IR ​ ×b,m,c WI ​c,d

K ​ =b,m,e I ​ ×b,m,d WK ​d,e

Q ​ =b,m,e I ​ ×b,m,d WQ ​d,e

QK ​ =b,m,p
B,M ,P=M

Q ​ ×b,p,e
B,M ,E

K ​b,m,e

SN ​ =b,m,p exp(QK ​)b,m,p

SD ​ =b,p SN ​b,m,p

A ​ =b,m,p SN ​/SD ​b,m,p b,p

V ​ =b,m,f I ​ ×b,m,d WV ​d,f

AV ​ =b,p,f
B,P=M ,F

A ​ ×b,m,p V ​b,m,f

Z ​ =b,p,g AV ​ ×b,p,f WZ ​f ,g

I ​ =b1,b0,m,d IR ​ ×b1,b0,m,c WI ​c,d

K ​ =b1,b0,m,e I ​ ×b1,b0,m,d WK ​d,e

Q ​ =b1,b0,m,e I ​ ×b1,b0,m,d WQ ​d,e

QK ​ =b1,b0,m,p
B1,B0,,M ,P=M

Q ​ ×b1,b0,p,e
B1,B0,,M ,E

K ​b1,b0,m,e

SN ​ =b1,b0,m,p exp(QK ​)b1,b0,m,p

SD ​ =b1,b0,p SN ​b1,b0,m,p

A ​ =b1,b0,m,p SN ​/SD ​b1,b0,m,p b1,b0,p

V ​ =b1,b0,m,f I ​ ×b1,b0,m,d WV ​d,f

AV ​ =b1,b0,p,f
B1,B0,,P=M ,F

A ​ ×b1,b0,m,p V ​b1,b0,m,f

Z ​ =b1,b0,p,g AV ​ ×b1,b0,p,f WZ ​f ,g

B1

20 / 76



6.5930 - L06 Emer & Sze

Run  in parallel

Attention - Head Parallel

K ​ =b,h,m,e I ​ ×b,m,d WK ​d,h,e

Q ​ =b,h,m,e I ​ ×b,m,d WQ ​d,h,e

QK ​ =b,h,m,p
B,H ,M ,P=M

Q ​ ×b,h,p,e
B,H ,M ,E

K ​b,h,m,e

SN ​ =b,h,m,p exp(QK ​)b,h,m,p

SD ​ =b,h,p SN ​b,h,m,p

A ​ =b,h,m,p SN ​/SD ​b,h,m,p b,h,p

V ​ =b,h,m,f I ​ ×b,m,d WV ​d,h,f

AV ​ =b,h,p,f
B,H ,P=M ,F

A ​ ×b,h,m,p V ​b,h,m,f

C ​ =
b,p,h×F+f
B,P=M ,G=H×F

AV ​b,h,p,f

Z ​ =b,p,d C ​ ×b,p,f WZ ​g,d

K ​ =b,h1,h0,m,e I ​ ×b,m,d WK ​d,h1,h0,e

Q ​ =b,h1,h0,m,e I ​ ×b,m,d WQ ​d,h1,h0,e

QK ​ =b,h1,h0,m,p
B,H1,H0,M ,P=M

Q ​ ×b,h1,h0,p,e
B,H1,H0,M ,E

K ​b,h1,h0,m,e

SN ​ =b,h1,h0,m,p exp(QK ​)b,h1,h0,m,p

SD ​ =b,h1,h0,p SN ​b,h1,h0,m,p

A ​ =b,h1,h0,m,p SN ​/SD ​b,h1,h0,m,p b,h1,h0,p

V ​ =b,h1,h0,m,f I ​ ×b,m,d WV ​d,h1,h0,f

AV ​ =b,h1,h0,p,f
B,H1,H0,P=M ,F

A ​ ×b,h1,h0,m,p V ​b,h1,h0,m,f

C ​ =
b,p,(h1×H0+h0)×F+f
B,P=M ,G=H1×H0×F

AV ​b,h1,h0,p,f

Z ​ =b,p,d C ​ ×b,p,f WZ ​g,d

H1
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Run  and  in parallel

Attention - Data Parallel

K ​ =b,h,m,e I ​ ×b,m,d WK ​d,h,e

Q ​ =b,h,m,e I ​ ×b,m,d WQ ​d,h,e

QK ​ =b,h,m,p
B,H ,M ,P=M

Q ​ ×b,h,p,e
B,H ,M ,E

K ​b,h,m,e

SN ​ =b,h,m,p exp(QK ​)b,h,m,p

SD ​ =b,h,p SN ​b,h,m,p

A ​ =b,h,m,p SN ​/SD ​b,h,m,p b,h,p

V ​ =b,h,m,f I ​ ×b,m,d WV ​d,h,f

AV ​ =b,h,p,f
B,H ,P=M ,F

A ​ ×b,h,m,p V ​b,h,m,f

C ​ =
b,p,h×F+f
B,P=M ,G=H×F

AV ​b,h,p,f

Z ​ =b,p,d C ​ ×b,p,f WZ ​g,d

K ​ =b,h1,h0,m,e I ​ ×b,m,d1,d0 WK ​d1,d0,h1,h0,e

Q ​ =b,h1,h0,m,e I ​ ×b,m,d1,d0 WQ ​d1,d0,h1,h0,e

QK ​ =b,h1,h0,m,p
B,H1,H0,M ,P=M

Q ​ ×b,h1,h0,p,e
B,H1,H0,M ,E

K ​b,h1,h0,m,e

SN ​ =b,h1,h0,m,p exp(QK ​)b,h1,h0,m,p

SD ​ =b,h1,h0,p SN ​b,h1,h0,m,p

A ​ =b,h1,h0,m,p SN ​/SD ​b,h1,h0,m,p b,h1,h0,p

V ​ =b,h1,h0,m,f I ​ ×b,m,d1,d0 WV ​d1,d0,h1,h0,f

AV ​ =b,h1,h0,p,f
B,H1,H0,P=M ,F

A ​ ×b,h1,h0,m,p V ​b,h1,h0,m,f

C ​ =
b,p,(h1×H0+h0)×F+f
B,P=M ,G=H1×H0×F

AV ​b,h1,h0,p,f

Z ​ =b,p,d1,d0 C ​ ×b,p,f WZ ​g,d1,d0

H1 D1
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