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Many problems use Sparse Tensors

Sparse neural Dense linear algebra
networks Dense neural networks:
Density: 0% 10 % 50 % 100 %
L 1 1 1
< L_L_._________l___ |>
. T EEEE e I
Density: >10° % 10°% 104 % 103% .01 % 1% 1%
L L l L L I |
(log scale) ¢ | | } } } >
Finite Element Methods
Recommendation Computational Fluid  Problems in
systems Chemistry Dynamics  statistics
Internet & Circuit Electromagnetics
Social media Simulation Proteins

[Hegde, et.al., ExTensor, MICRO 2019]
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Motivation

« Leverage CNN sparsity to improve energy-efficiency

1 AlexNet M Density (IA) 1
'g 0.8 M Density (W) 0.8 %—
<‘ =
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=
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0 0

convl conv2 conv3 conv4 convb

[Parashar, et.al., SCNN, ISCA 2017]
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Aspects of Scheduling - Sparsity

Gating:
Explicitly eliminate ineffectual
m storage accesses and computes by
letting the hardware unit staying idle
for the cycle to save energy

Format:
> D Choose tensor representations to
save storage space and energy
associated with zero accesses

Skipping:

Explicitly eliminate ineffectual
storage accesses and computes by
skipping the cycle to save energy and
time

March 4, 2026 |I|il- Sze and Emer
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Aspects of Scheduling - Sparsity

Gating:
Explicitly eliminate ineffectual
m storage accesses and computes by
letting the hardware unit staying idle
for the cycle to save energy

Format:
> D Choose tensor representations to
save storage space and energy
associated with zero accesses

Skipping:

Explicitly eliminate ineffectual
storage accesses and computes by
skipping the cycle to save energy and
time
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Tensors

Rank-0 - Scalar Rank-1 - Vector

Rank-2 - Matrix Rank-3 - Cube

LO6-6
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Tensor Data Terminology

W
Ranks { —_—
0
H 1 p= Coordinates
2
L0 1 2

| :
Coordinates Point (1,2)

* The elements of each “rank” (dimension) are identified by
their “coordinates”, e.g., rank H has coordinates 0, 1, 2

« Each element of the tensor is identified by the tuple of

coordinates from each of its ranks, i.e., a “point”.
So (1,2) >

March 4, 2026 |I|il- Sze and Emer
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Tree-based Tensor Abstraction

Coordinate R Root

A
1 2 :1
0 1 2 0 1 2 I
I egpn
Value

March 4, 2026 v Sze and Emer



L06-9

Tree-based Tensor Abstraction

Each coordinate references a fiber

March 4, 2026 v Sze and Emer
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Fibertree Tensor Abstraction

Each coordinate references a fiber

March 4, 2026 v Sze and Emer



Fibertree Tensor Abstraction

L06-11

March 4, 2026

Finding point (2, 1)

getPayload(1)

Sze and Emer
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Fibertree Tensor Abstraction

What if tensor
IS sparse”?

March 4, 2026 v Sze and Emer
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Fibertree Tensor Abstraction

What if tensor
IS sparse”?
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Fibertree Tensor Abstraction

What if tensor
IS sparse”?
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Fibertree Tensor Abstraction

L06-15

March 4, 2026

Finding point (2, 1) WE 0
H

getPayload(1)

Sze and Emer
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Information in a Fiber

« Each fiber has a set of (coordinate, “payload”) tuples

Coordinate
Payload:
Reference | )} _____|.______

to fiber in
next rank

Payload:
Value

Coordinate

March 4, 2026 |I|il- Sze and Emer
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Information in a Fiber

Method: maybe(payload) = fiber.getPayload(coordinate)

(\< Rank H Fiber Representation >:;

'55
o -
— ——
T e e e e e e o e wm =
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_—_ — — -
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TeAAL Pyramid of Concerns

constraints

constraints

Mapping

>
=
(@)
>
=
(9]
(@)
—
c
=
(0]

constraints

constraints -
Binding

[TeAAL, Nayak et.a. MICRO 2023]
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Example Fiber Representations

Each fiber has a set of (coordinate, “payload”) tuples

Array Coordinate/Payload List

Payload
( Coordinate

012345678 Payload

Posmon and
coordinate Position

Data in a fiber is accessed by its position or offset in memory

March 4, 2026 |I|il- Sze and Emer
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Fiber Representation Choices

« Implicit Coordinates
— Uncompressed (no metadata required)
— Compressed — e.g., run length encoded

» Explicit Coordinates
— E.g., coordinate/payload list

» Compressed vs Uncompressed
— Compressed/uncompressed is an attribute of the representation®.
— Uncompressed means size is proportional to maximum coordinate value

— Compressed formats will have metadata overhead relative to
uncompressed formats. For dense data, this may cost more than just
using an uncompressed format.

— Space efficiency of a representation depends on sparsity

*Note: sparsity/density is an attribute of the data.
March 4, 2026 |I|il- Sze and Emer
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Compressed Implicit Coordinate Representations

« “Empty” coordinate compression via zero-run encoding
— Run-length coding (RLE)

* (run-length of zeros, non-zero payload)...

— Significance map encoding
* (flag to indicate if non-zero, non-zero payload)...

« Payload encoding
— Fixed length payload

— Variable length payload
+ E..g., Huffman coding

« Efficiency of different traversal patterns through the
tensor is affected by encoding, e.g., finding the payload
for a particular coordinate...

March 4, 2026 |I|il- Sze and Emer
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Compressed Explicit Coordinate Representations

» Coordinate list representation

— Struct of arrays form TTT :u
(coordinate of non-zero value)...

(non-zero payload)... 01 23 01 2 3

— Array of structs form

(coordinate of non-zero value, non-zero payload)...

0 1 2 3

Black bar show scope of struct

« Payload encoding
— Explicit
* Immediate value
* Pointer
— Implicit
+ Offset of coordinate is offset of payload

March 4, 2026 |I|il- Sze and Emer
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More Explicit Coordinate Representations

 Coordinate Bitmask

1/0 01 0/1 0 0 1

01 2 3 4 567 8
Any complexity with lookupPayload()?

May require a population count m

of the coordinate array. 01 2 3

Have we seen a representation like this?

Yes, the Eyeriss input activations used

for gating were sort of like that.... 10 01 01 0 0 1
01 2 3 4567 8
Is this useful even with no compression? n .

Yo h heck fi :
es, cheap check for zeros 012345067 8

March 4, 2026 v Sze and Emer



Uncompressed/Compressed Representation

L06-24

March 4, 2026

W A specific implementation of the fibertree abstract type
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Uncompressed/Compressed Representation

March 4, 2026

A specific implementation of the fibertree abstract type

W_Position, Length

H_Position == H_Coordinate

W_Position |= W_Coordinate

Sze and Emer
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Uncompressed/Compressed Representation

A specific implementation of the fibertree abstract type

W_Position, Length

March 4, 2026 v Sze and Emer
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Uncompressed/Compressed Representation

A specific implementation of the fibertree abstract type

Rank W has “implicit
payload” since position
allows indexing into value

W_Position, Length

t F
=] o

W_Position _l

March 4, 2026 v Sze and Emer
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Uncompressed/Compressed Representation

A specific implementation of the fibertree abstract type

Position, Length Note: First element of pair is
always sum of pair of elements
in previous cell

t F
=] o

W_Position _l

March 4, 2026 v Sze and Emer
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Uncompressed/Compressed Representation

March 4, 2026

A specific implementation of the fibertree abstract type

Position, Length

Note: First element of pair is
always sum of pair of elements
in previous cell, so length can
be computed from next cell’s value.

./"’E\i

W_Position

Sze and Emer
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Uncompressed/Compressed Representation

March 4, 2026

A specific implementation of the fibertree abstract type

Position, Length

Extra cell for
computing
final length

W_Position

Sze and Emer



Uncompressed/Compressed Representation

L06-31

March 4, 2026

w

A specific implementation of the fibertree abstract type

Compressed Sparse Row (CSR)

Segment
Array

Coordinate
Array

Value Array

Sze and Emer
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Explicit Coordinate Representations

Coordinate/Payload list
— (coordinate, non-zero payload)... (array of structs)
— (coordinate)... , (non-zero payload)... (struct of arrays)

Hash table (per fiber)

— (coordinate -> payload) mapping

Hash table (per rank)

— (fiber_id, coordinate -> payload) mapping

Bit vector of non-zero coordinates
— Compressed or uncompressed payload

March 4, 2026 |I|il- Sze and Emer
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Per Rank Tensor Representations

— Uncompressed [U]

— Run-length Encoded [R]
— Coordinate/Payload List [C]

— Hash Table (per rank) [H,]

— Hash Table (per fiber) [H]

— Tagged union of any combination of previous types

Inspired by collaboration with Kjolstad
March 4, 2026 in [Kjolstad, Qﬁ)"ESLA'W], [Chou, OOPSLA18]

Sze and Emer
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Notation for CSR

March 4, 2026

+ CSR: Tensor<U,C>(H,W)

2

Uncompressed

W Coordinate/Payload
E? 0

Sze and Emer
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Representation of Order of Ranks
Differentiating CSR and CSC

0
Tensor<U,C>(H,W) > CSR H ‘ 1 Tensor<U,C>(W,H) = CSC

Can be though of as a rank swap
March 4, 2026 v Sze and Emer



Traversal Efficiency

L06-36

March 4, 2026

Efficiency of different traversal patterns through the tensor
is affected by representation, e.g., finding the payload for a
particular coordinate...

* Operations:
— maybe(payload) = Fiber.getPayload(coordinate)

— (coordinate, payload) = Fiber.getNext(rank _traversal_order)

Fiber.getNext() is a useful iterator and its efficiency is highly
dependent on representation, both order of ranks and
representation of each rank....

Sze and Emer



Concordant traversal orders

L06-37

CSR and CSC each has a natural (or “concordant™)

traversal order

Row-major order Column-major order
Processing 3 B A2 Ao
Order 3 %1/ %2/ %3
3 a3 a5 s
Compressed
Original Compressed Sparse Column
rgina Sparse Row (CSC)
Matrix (CSR)

N .
= HERg

B Term from Michael Pellauer

March 4, 2026 L

Sze and Emer
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Fibertree Concordant Traversal

March 4, 2026 v Sze and Emer
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Fibertree Discordant Traversal

Discordant traversal - by row in CSC Partially discordant traversal - W in [1,0, 2]

March 4, 2026 v Sze and Emer
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Example Traversal Efficiency

 Efficiency of getPayload():
— Uncompressed — direct reference - O(1)
— Run length encoded — linear search — O(n)
— Hash table — multiple references and compute — O(1)
— Coordinate/Payload list — binary search — O(log n)

« Efficiency of getNext() - (concordant traversal)
— Uncompressed — sequential reference, good spatial locality - O(1)
— Run length encoded — sequential reference — O(1)
— Coordinate/Payload list - same as uncompressed

« Efficiency of getNext() (discordant traversal)
— Essentially as good (or bad) as getPayload-method....

March 4, 2026 |||i|- Sze and Emer



Traversing a Sparse Tensor

L06-41

March 4, 2026

1-D Tensor Traversal

Tensor(H)

0
gh, st *val) inl t:
z += t_val

Each iteration returns a
(coordinate, payload)
tuple

Iteration generated by
repeated calls to

getNext()

Sze and Emer
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Traversing a Sparse Tensor

March 4, 2026 v Sze and Emer
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Tensor Traversal (2-D)

# 2-D Tensor Traversa

Each iteration returns a
_ t = Tensor(H,W) (coordinate, payload)
Z =Ty,

tuple
Tor Gl st =h) “Thst:

z += t_val

March 4, 2026 v Sze and Emer
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Tensor Traversal (2-D)

# 2-D Tensor Traversal

t = Tensor(H,NW)

Z — Th,W

z =0

» Folr Gl Lt “h) i nts:

f@r (W, pTRaiy) “TntE"m
z += t_val

| 4
| tpos| h |th_pos|w|tval
0 0 ? 27
0 0 0 0 a
0 0 1 2
1 2 ? ?

March 4, 2026 v Sze and Emer
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Tensor Traversal (2-D)

# 2-D Tensor Traversal

t = Tensor(H,NW)

Z — Th,W

z =0

Folr Gl Lt “h) i nts:

» f@r (W, pTRaiy) “TntE"m
z += t_val

/4
(tpos | h |th_pos|w|tval
0 0 ? ?2 2
’» 0 0 0 0 a
0 0 1 2
1 2 ? ?

March 4, 2026 v Sze and Emer
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Tensor Traversal (2-D)

# 2-D Tensor Traversal

t = Tensor(H,NW)

Z — Th,W

z =0

Folr Gl Lt “h) i nts:

» f@r (W, pTRaiy) “TntE"m
z += t_val

/4
(tpos | h |th_pos|w|tval
0 0 ? ?2 2
0 0 0 0 a
m) O 0 1 2
1 2 ? ?

March 4, 2026 v Sze and Emer
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Tensor Traversal (2-D)

# 2-D Tensor Traversal

t = Tensor(H,NW)

Z — Th,W

z =0

» Folr Gl Lt “h) i nts:

f@r (W, pTRaiy) “TntE"m
z += t_val

| 4
pos | h | t-0_pos | w | tval
0 0 ? ?2 2
0 0 0 0 a
0 0 1 2 ¢
m 2 ? ?

March 4, 2026 v Sze and Emer
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Tensor Traversal (2-D)

I Coord I—»
|Pos | t h
h_pos | Payload
LTﬂlsgt;H_rarﬁl \ - — — — —
I Coord I—>W
w IPos I
w_pos | Payload =—=>

B LTensor t—Wrank| t_val

Concordant Traversal

March 4, 2026 v Sze and Emer
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Abstraction versus Implementation

* Abstraction

— An interface and semantics

« Attributes: No implementation, data layout or timing

* Use: implementation-agnostic understanding
« Examples:

— Fibers

— Fibertree

* Implementation

— Specific implementation of an abstract spec

 Attributes: Concrete implementation, data layout and timing
« Examples:

— Fibers - uncompressed array, coordinate/payload list
— Fiber-tree > CSR, CSC, CSF, COO...

March 4, 2026 |I|il- Sze and Emer



Tensor Traversal (CSR Style)

L06-50

March 4, 2026

# 2-D Tensor Traversal (CSR)

t segs = Array(H)
t _coords = Array(W)
t vals = Array(W)

For uncompressed
sum = 0 rank coordinate

ROR S Rhshe sS4 h, RaLH)“ equals position

h =t h pos

t w start = t _segs[t h pos]

t w len = t segs[t h pos+1l]-t w start

for t w pos in [t w start, t w len):
h = t coords[t w_pos]
t val = t vals[t w pos]
sum += t val

Coordinates not
actually used in this

example

Sze and Emer



Merging Ranks

For efficiency one can form new representations where
the data structure for two or more ranks are combined.

0
Tensor-<C,C>(H,W) H ‘ 1 Tensor-<C2>(H,W)
2

/‘\_ _——
\
N
N 1
U £ ,
Ps

March 4, 2026 v Sze and Emer
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Merging Ranks

- For efficiency one can form new representations where the
data structure for two or more ranks are combined:

« Examples:
— Tensor-(C?)
List of (coordinate tuple,payload) - COO

— Tensor-(H?)
« Hash table with coordinate tuple as key

— Tensor-(U?)
» Flattened array
» Coordinates can be recovered with modulo arithmetic on “position”

— Tensor-(R?)
« Flattened run-length encoded sequence

March 4, 2026 |I|il- Sze and Emer
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Splitting Fibers — Coordinate Space

March 4, 2026 v Sze and Emer
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Splitting Fibers — Position Space

March 4, 2026 v Sze and Emer



L06-55

Fibertree Representation of Weight Pruning

dp /Py
c |dg
40—1-S—>

\‘ kernel
o

I

R

Example 3D Weight Tensor Fibertree Representation

Each dimension in the original tensor is represented as a rank in the tree

March 4, 2026 v Sze and Emer
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Specification of Channel-based Sparsity

i Rank2 C

Apply Per-rank Pruning Rule

Rank1 R (identical rules are applied to all fibers in each rank)

“g - EI@ HE ﬁ o ﬁ

rule: unstructured

Rank2 C
ru/e N/A

] Rank1 R
rule: N/A

i Implicit pruning of the
: coordinates in the payload

C(unstructured) - R - S

March 4, 2026 v Sze and Emer
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Flattening: Specification of Sub-kernel Sparsity

{ Rank2 C

payload

9999,
setshar en-

Fibertree Representation of Dense Tensor

(D Flatten
l a Subset of
Ranks

@ Apply Per-rank
@ Pruning Rule @ rule: N/A

C - RS (2 of 4)

March 4, 2026 v Sze and Emer
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Flattening: Specification of Unstructured Sparsity

.ow d

Fibertree Representatlon of Dense Tensor

l @ Flatten
All Ranks @ Apply Per-rank

Pruning Rule

rule: unstructured

_______________________________
_______________________________________________________

00000000 00007 (@ 0000000 JoXoX X Ji-y
ao| | bo| | <ol | do|l [aq] |D4] €] ]d4 iii ER Cof| [ do b,| [<:] [ d, oll o ii

CRS(unstructured)

l-rO

March 4, 2026 v Sze and Emer
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Reordering & Partitioning: Specification of 2:4 Sparsity

‘i Rank2 C
Rank1 R
payload 7 T TTTITTTTIRITTTTTTRST i
sEstes sa-

o[ - EI@ Ralbd Ed

Fibertree Representation of Dense Tensor C
Q&
(D Reorder

S Apply
Per-rank
Pruning
Rule =

o ——— o _____-.

i i Rank1 C1
——————————————————————— rule: 2:4 structure

___________________________________________________

: Rank0 CO
dgof| 0

RS - C1 - C0(24)

March 4, 2026 -
*flattened for ease of presentation, not required Ill" Sze and Emer
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Hierarchical Structured Sparsity (HSS)

‘ERanklc
(D Reorder Ranks
@ Partition Rank C into N ranks (N>=2) , e.g., N=3 as shown below

payload

“ = ®e cmos @ Apply Per-rank Pruning Rule
dbd Eolldd [ - IEIIEJ mm ﬁ
Fibertree Representation of Dense Tensor

* N-1rank HSS defined as @ rule: N/A
e RS- CN—1 - CN—Z(GN—Z: HN—Z) Rank3 RS*
- ..~ 01(3:4) > Cy(2:4)

e HSS qualitative difference: allows
pruning rules for more thank one ranks

e HSS provides a systematic and
modularized way to represent a large
number of sparsity degrees

March 4, 2026 e RS> Cy > Ci1(3:4) > Cy(2:4
*flattened for ease of presentation, not required I'lii 2 1 ) o( ) Sze and Emer
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Matrix Multiply

Data
s PrO.]E?'ertT.‘ Algorithm Format +
pecitication Schedule

March 4, 2026 v Sze and Emer
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Matrix Multiply

Data
s Pr‘?]E?'eT Algorithm Format +
pecitication Schedule

March 4, 2026 v Sze and Emer
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal index values (iteration space)

- At each point in iteration space:
- Calculate value on right hand at specified indices for each operand
- Assign value to operand at specified indices on left hand side
- Unless that operand is non-zero, then reduce value into it

[Relativity, Einstein, Annelen de Physik, 1916]
[TACO, Kjolstad et.al., ASE 2017]
[Timeloop, Parashar et.al., ISPASS 2019]

Data
Problem
Specification m g‘c’{ggﬁ,’g

March 4, 2026 |I|il- Sze and Emer
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

Indices are
coordinates

Data
Problem
Specification m gg;@g&;

March 4, 2026 v Sze and Emer
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

« Shared indices -> intersection

Data
Problem
Specification m EELZ§5,§

March 4, 2026 v Sze and Emer
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

« Shared indices -> intersection

« Contracted indices -> reduction

Data
Problem
Specification m gg{ggﬁ,’g

March 4, 2026 |I|il- Sze and Emer
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Einsum — Matrix Multiply

Zm,n — Am,k X Bn,k

« Shared indices -> intersection
« Contracted indices -> reduction

« Uncontracted indices-> populate output point

Data
Problem
Specification m ggﬂggjlz

March 4, 2026 |I|il- Sze and Emer
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Convolution (CONV) Layer

Input fmaps (N)

Output fmaps (N)

. C,ﬂ'
filters / "
c7 B = =
= &
R /'/4/H @ P \
| : 1 L[ |
«~ S — w «— Q—

] Iy
| L[N
«~— § —

«— Q—

w

Data
s Pro.]E.)IeT Algorithm Format +
pecitcation Schedule

March 4, 2026 v Sze and Emer
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Convolution (CONV) Layer

Input fmaps (N)

Output fmaps (N)

filters
M7
7 P
! : )
| i
~— § — «— Q—
c”
1
R
J " ®
«~— § —

Data
s Pro.]E.)IeT Algorithm Format +
pecitcation Schedule

March 4, 2026 v Sze and Emer
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Einsum - Convolution

OP;CI,m — Ic,p+7",CI+S X Fm,c,r,s

Shared indices -> intersection

Contracted indices -> reduction

Uncontracted indices -> populate output point

Index arithmetic -> projection

[Extensor, Hegde, et.al., MICRO 2019]

Data

Pro_t;lem Format +
Specification Schedule

March 4, 2026 Illil-

Sze and Emer
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Einsum - Convolution

OP;CI,m — Ic,p+7",CI+S X Fm,c,r,s

Shared indices -> intersection

Contracted indices -> reduction

Uncontracted indices -> populate output point

Index arithmetic -> projection

[Extensor, Hegde, et.al., MICRO 2019]

Data

Problem :
Specification Algorithm ggﬁ’&?ﬁé

March 4, 2026 |I|il- Sze and Emer



Aspects of Scheduling - Sparsity

Format:
> D" Choose tensor representations to
save storage space and energy
associated with zero accesses

Gating:
Explicitly eliminate ineffectual
EE' storage accesses and computes by
letting the hardware unit staying idle
for the cycle to save energy

Skipping:

Explicitly eliminate ineffectual
storage accesses and computes by
skipping the cycle to save energy and
time

March 4, 2026 |I|il- Sze and Emer
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CONV: Exploiting Sparse
Weights

March 4, 2026 |||i|- Sze and Emer
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CONV Layer
c input fmap output fmap
filters 7z N e

S . : L.
! H T | M"
R H PI= A
|1 |
c/ Filter overlay
L
L ﬂ S
<~ 8§ — i 1 Incomplete partial sum

March 4, 2026 |I|il- Sze and Emer



q g+s
W ifw]
—{ Coord Value —p»

S
Input Activations w_, o W,
o’[q] i[w] iw]
l L
Update W q
q o[q] >
—| Coord Value —=» B
1 —
}
Partial Sums

< [ | S s
——lpos Coord [—— W
I Value =—» :
fls] |
_____ }

Components
i
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1-D Output-Stationary Convolution

Oq = Ig+s X Is

i = Array(NW) # Input activations
f = Array(S) # Filter weights
o = Array(Q) # Output activations

for g in [0, Q):
for s in [@, S):
+

o[q] += i[w] * f[s]

T Assuming: ‘valid’ style convolution
March 4, 2026 L Sze and Emer



LOG-77

1-D Output-Stationary Convolution

Weights Inputs Outputs
1] - I = O3
S W Q = W-ceil(5/2)t
i = Array(NW) # Input activations
f = Array(S) # Filter weights
o = Array(Q) # Output activations

for g in [0, Q):
for s in [@, S):
+

o[q] += i[w] * f[s]

/4
What opportunity(ies) exist if Can avoid reading operands, doing
some of the values are zero? multiply and updating output

T Assuming: ‘valid’ style convolution

March 4, 2026 v Sze and Emer
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1-D Output-Stationary Convolution

Weights Inputs Outputs
(806 = | | = |
S " Q = W-ceil(5/2)t
i = Array(NW) # Input activations
f = Array(S) # Filter weights
= Array(Q) # Output activations

for g in [@, Q):
for s in [@, S):

=q +
if (1f[s]): o[q] += i[w]*f[s]

4

What did we save using the conditional execution? Energy

What didn’t we save using the conditional execution?  Time

T Assuming: ‘valid’ style convolution

March 4, 2026 v Sze and Emer
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Eyeriss — Gating

Gate multiply and memory reads
Input > Image when input data is zero.
—1|| [ ScratchPad : > o
Activations (12x16b REG) .’"""’D_ Reduce PE power by 45%
y I 2-stage
— Zero I L Accumulate
= g o | Enable pipelined
Buffer, l multiplier Input Psum
Filter [T Filter 4____IL_ X @ '
Weights Scratch Pad :,::
| (225x16b SRAM) . Output
|nput . Psum
Psum
: 0 —1
Partial Sum
Scratch Pad :D—' 0 —’m
r (24x16b REG)

W, 2028 i [Chen, ISSCC 2016]
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Weight Stationary

i = Array(NW) # Input activations
f = Array(S) # Filter weights
o = Array(Q) # Output activations

Note: s, w are the
coordinates of the desired
elements of the tensor

for s in [0, S):
for w in [s, Q + s):
q=W-3=5
o[q] += i[w] * f[s

Need to calculate position/coordinate in
third tensor, i.e., do a projection

(134
I

The variables “i” and “f” are? Tensors, Arrays and Fibers

Uncompressed

What are the tensor representations of “iI” and “f"? C :
Implicit coordinate

The variables “s” and “w” are? Coordinates and Positions

March 4, 2026 v Sze and Emer
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Naive Sparse Weight Stationary

i = Tensor(W) # Input activations
f = Tensor(S) # Filter weights
o = Array(Q) # Output activations

for s in [@, S):
for w in [s, Q + s):

o[q] += i.getPayload(w) * f.getPayload(s)

The variables “i” and “” are? Tensors, Fibers

What are the tensor representations of “” and “’?  Abstract, Fibertree

The variables “s” and “w” are? Coordinates

The variables “q” is? Coordinate and position

Why is this inefficient?  No time savings --- ues getPayload()
March 4, 2026 v Sze and Emer
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Output Stationary — Sparse Weights

Uncompressed Weights

Weights Inputs Outputs
. _
Py W Q = W-ceil(S/2)f
Weights Compressed Weights
Inputs Outputs

11 = £ |

W Q = W-ceil(5/2)t

Fiber coordinate values

T Assuming: ‘valid’ style convolution

March 4, 2026 v Sze and Emer
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Output Stationary — Sparse Weights

i = Array(NW) # Input activations
f = Tensor(S) # Filter weights
o = Array(Q) # Output activations

for g in [0, Q):
for (s, f_val) in f:
W=g+S
o[q] += i[w] * f_val

Concordant traversal

Whatis “s”? Coordinate

What is “f val’? Payload, Value

The traversal of “” will be? Concordant

For sparser weights, this implementation will be? Faster

March 4, 2026 v Sze and Emer
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Output Stationary — Sparse Weights

Tensor: I[W, T]

Tensor: F[S, T]
Rank: W

Rank: S

Tensor: C[Q, T]

Rank: Q

.-10 1010 10 10 10

.- 11 11 11 1%
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Output Stationary — Sparse Weights

Tensor: F[S]

Rank: S

Tensor: I[W]

Rank: W

Tensor: O[Q] ?

March 4, 2026 v Sze and Emer



Output Stationary — Sparse Weights

L06G-86

March 4, 2026

y

Update

» Coord  Payload ——»

_______1)_(5?\1_______

o’ql

o[q]

w

Coord Payload

Input Activations

f[s]

Partial Sums
q Calc
gt+s
I _____ I S
IP os Coordl
[ Payload

Sze and Emer
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Weight Stationary - Sparse Weights

Og = lg+s X Iy

i = Array(W) # Input activations
f = Tensor(S) # Filter weights
o = Array(Q) # Output activations

RO s, . Vall) Sl
Fordq «ins] 0, @t
W=g+ S
o[q] += i[w] * f_val

What dataflow is this? Concordant traversal
Weight stationary

Where does it exploit sparsity?
Weights

March 4, 2026 v Sze and Emer
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Weight Stationary - Sparse Weights

[
L Filter Weights

N N S - A
»

o’[q]
v
Update
q o[q]
Cgen » Coord  Payload
i Partial Sums
; ]
iz . "
_______ i ( G3¢ Coord  Payload
| Q-FS Input
E 1 S Activations
i - i
| I Coord ——1 &
1 = o s1 | & fls]
| Payload | >
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To Extend to Other Dimensions of DNN

* Need to add loop nests for:
— 2-D input activations and filters
— Multiple input channels

— Multiple output channels

 Add parallelism...

Consider working on two weights at a time

March 4, 2026 |I|il- Sze and Emer
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Fiber Splitting Equally in Position Space

Before Split Equal by 2 ?

March 4, 2026 v Sze and Emer
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Fiber Splitting Equally in Position Space

Before Split Equal by 2 ?
S oammmmmmmmmmmdmm e

~~—
—
—
e e o e

——————___
—
=
=
=
—~—

e
-

—-—
T e o e e ] e e e e e e e ===
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Fiber Splitting Equally in Position Space

Before Split Equal by 2 ?
S oammmmmmmmmmmdmm e
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Fiber Splitting Equally in Position Space

Before Split Equal by 2 ?
S oammmmmmmmmmmdmm e

Complexity for uncompressed fiber? ... for coordinate/payload list fiber?
Low, but doesn’t exploit sparsity Also low, but exploits sparsity
March 4, 2026 v Sze and Emer
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Parallel Weight Stationary - Sparse Weights

Get groups of two

i = Array(NW) # Input activations weights
f = Tensor(S) # Filter weights
o = Array(Q) # Output activations

for (sl1, f_split) in f.splitEqual(2): Work on two
for ql1 in [0, Q/4): weights in parallel

parallel-for (s, f_val) in f_split:
parallel-for g9 in [0, 4): Work on four

Uncompressed tiling q = ql*4 + qe outputs at once
W=4q+ S
o[q] += i[w] * f val

Calculate
coordinates

Accumulate Look up input

multiple outputs activation

each spatially
March 4, 2026 v Sze and Emer
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Cambricon-X — Activation Access

We|ght (metadata) Input Activations We|ght (metadata)

connections input neurons connections

olojoj~lololo]
HEERRREB
o|ola]2l0

o
=
Bix
o

Cambricon-X — Zhang et.al., Micro 2016
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Parallel Weight Stationary - Sparse Weights

Tensor: F[S]

Rank: S

Tensor: 0[Q] ?

March 4, 2026 v Sze and Emer
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CONV: Exploiting Sparse Inputs

March 4, 2026 |||i|- Sze and Emer
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Weight Stationary - Sparse Inputs

Oy = Igss X Fy m 0, =I,xF

i = Tensor(W) # Input activations
£ = Array(S) # Filter weights
o = Array(Q) # Output activations Need to restrict

input coordinates
for the current
weight coordinate

for s in [0, S): Skipping traversal

for (w, i_val) in i if s <= w < Q+s:
q=W-3-5
o[q] += i_val * f[s]

Projection of w and

Can look up this weight once
since it is stationary.

Populate Reduction

March 4, 2026 v Sze and Emer
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Weight Stationary - Sparse Inputs

fls]
S &
Cgen —| Coord Payload —» =
o O
Filter Weights N
T S
i
T ——
i% Update
%
EH‘ Calc Coord Payload ——
| = A o[q]
! Partial Sums
| |

]
e v
| Payload

Llnput Activations |
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Output Stationary - Sparse Inputs

Og = Ig+s X Fs

™ 0,=1I,%XFE,_g

i = Tensor(W)
£ = Array(S)
o = Array(Q)

for q in [0, Q):
for (w, i_val) in
S =W - (
o[q] += i_val *

# Input activations
# Filter weights
# Output activations

iifg<=w<gq+S:

f[s]

Need to look up a filter

weight for each input

March 4, 2026

Need to restrict input coordinates
to the active outputs

L06-100
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Sparse Sliding Window
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Sparse Sliding Window

—
—~~
~

_—’
-

1<=w<4
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Sparse Sliding Window

—
—~~
~

_—’
-

2<=w<5
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Sparse Sliding Window

—
—~~
~

_—’
-

3<=w<6
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Sparse Sliding Window

_—’
-

4<=w<7
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Sparse Sliding Window

_—’
-

5<=w<8
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Output Stationary - Sparse Inputs

L06-107

March 4, 2026

o’[q]

v

Update

o[q]

Cgen

» Coord  Payload

Partial Sums

Coord L

Coord Payload
Filter Weights

fs]

iw]

| Value !

Sze and Emer



Cnvlutin

L06-108

Subunit 0

Nbin

Input Activations
from central e

eDRAM Offsets

S

Filter Weights|
Lane Q0 LaneO

X |eee] X

(eDRAM)

0200

Filter weights
% Lane 15 Lane0

X |eee] X

Subunit 15
~ Nbin
f tral Input Activations
rom cen Lane 15
DR Offsets
¥
<  Filter Weights
é Lane O Lane 15 .
) :
L Filter weights
5‘:’ Lane 15 Lane 15

il

March 4, 2026

-

*®
H | g- *
@ |to central
eDRAM

he!

L

Source: CNVLUTIN: Ineffectual-neuron-free DNN computing

Sze and Emer



L06-109

Serial Cnvlutin Loop Nest

i = Tensor(C,W) # Input activations
f = Tensor(M,C,S) # Filter weights
o = Array(Q,M) # Output activations

Output stationary

for q in [0, Q]:
for m, f ¢ in f: Implicit intersection
for (c, (f.s, iw)) in f c & i c:
for (w, i_val) in getWindow(i_w, g, S):
S =WwW-(
o[m, q] += i_val * f_s.getPayload(s)

Irregular sliding
How do we make the getPayload() cheap? window

Use uncompressed
Corresponds to lookup of

More loops needed to show parallel weight based on current
processing of input and output channels input (and output)
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CNVLUTIN - Speedup

Better

Alexnet Google NIN VGG19 VGG_M VGG_S Geo

Compressing zero activations

Source: CNVLUTIN: Ineffectual-neuron-free DNN computing
March 4, 2026
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Input Stationary - Sparse Weights & Inputs

Oq =lges XFs ™ 0,  =1,%XF

i = Tensor(W) # Input activations
f = Tensor(S) # Filter weights
o = Array(Q) # Output activations

for (w, i _val) in i:

for (s, f_val) in f if w-Q <= s < w:
q=W-S5

o[q] += i_val * f val

What dataflow is this?

_ Need to restrict weight
Input stationary coordinates to those relevant to
the current input

What sparsity can it exploit?
Inputs and Weights

March 4, 2026 v Sze and Emer
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CONV: Exploiting Sparse
Inputs & Sparse Weights

March 4, 2026 |||i|- Sze and Emer



Input Stationary - Sparse Weights & Inputs

L06-113

March 4, 2026

e e —————————

F____1

o

[ [
W Pos Payload |
' I Coord )

S

XoN

svals? d Coord Payload
o[q]

Update

Partial Sums

w

F____q

I |
I Payload |=> >

L

|

iw]

Sze and Emer
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Fiber Splitting Equally in Position Space
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Input Stationary - Sparse Weights & Inputs

i = Tensor(W) # Input activations
f = Tensor(S) # Filter weights
o = Array(Q) # Output activations

for (wl, i_split) in i.splitEqual(2):
for (s1, f split) in f.splitEqual(2):
parallel-for (w0, i_val) in i_split:
parallel-for (s9, f_val) in f_split if wo-Q <= <

o[q] += i_val * f val I 4

How many multipliers in this design? 4

Is there a nice pattern to the multipliers’ input operands? Yes
Is there a nice pattern to the multiplier outputs? No

March 4, 2026 |I|il- Sze and Emer



Cartesian Product Multiplication

i_split(w)

—— — —_——
—
-
-~

f split(s)

March 4, 2026 Illil—

o

ofs

Coordinates
are w-s

L06-116
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Sparse CNN (SCNN)

Supports Convolutional Layers

Densely Packed All-to all :
and Activations Weights and Activations

=

*

*

D O N T 9w
N
EAEAE BNEN
EISES CNSEY

Scatter

network

*

— Accumulate MULs
PE frontend PE backend

Input Stationary Dataflow [Parashar et al., SCNN, ISCA 2017]
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Flattening

Tensor:

Rank: C

Rank: H

Rank: W

Tensor: A+flattened[C, ['H', 'W']]

Rank: C

Rank: ['H', 'W']

March 4, 2026 v Sze and Emer
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SCNN Tile — one channel

Om,p,q = lp+r,g+s X Fm,r,s

Rearrange indices

Om,h—r,w—s — Ih,w X Fm,r,s

Flatten
Om,h—r,w—s = Ipw X Fnrs

L06-119
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SCNN Tile — one channel

L06-120

March 4, 2026

Om,h—r,w—s = Ipw X s

i = Tensor(HW) # Input activations
= Tensor(MRS) # Filter weights
o = Array(M,P,Q) # Output activations

—h

for (hwl, i_split) in i.splitEqual(4):
for ( , f split) in f.splitEqual(4):
parallel-for ((( ), i_val) in i_split:
parallel-for (( ), f_val) in f_split if “legal”

o[m,p,q] += i_val * f val

Sze and Emer
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SCNN PE microarchitecture

Sparse-compressed [MI[PI[QI;
frontend - Meord(nrer, et mreoys
= Wcoord(wh1, )-Rcoord( , , );
= Hcoord(wh1,wh®)-Scoord( B , ); %’q; ]
==
Flattened 7 oordinate i G| =
Weights [CIIM*R*S] I,' Computation &
Weight FIFO F _
(sparse) 7 ® ® 2 @ Buffer bank
T i o PPU:
indices ) =5 % ) ot
: MRSO X WHO—r— 5 | RelLU
,‘% Compress
IARAM | <
(sparse) 2 ® ® L @ Buffer bank I
i a ;
n 'Ce: FxI multiplier array A accumulator buffers Heighbors
Flattened [CI[W*H]
Input Dense backend
Activations

[Parashar et al., SCNN, ISCA 2017]
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SCNN Latency Versus Density

=== DCNN/DCNN-Opt === SCNN

=
>

-
(]

(3=

Latency (cycles)
o
o

Qo o O
>

N

o

0.1/0.1 0.2/0.2 0.3/0.3 0.4/04 05/0.5 0.6/0.6 0.7/0.7 0.8/0.8 0.9/0.9 1.0/1.0
Weight / Activation Density

[Parashar et al., SCNN, ISCA 2017]
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SCNN Energy Versus Density

~@#—DCNN —#—DCNN-opt =——SCNN

0.1/0.1 0.2/0.2 0.3/0.3 04/04 05/05 0.6/0.6 0.7/0.7 0.8/0.8 09/09 1.0/1.0
Weight / Activation Density

[Parashar et al., SCNN, ISCA 2017]
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Weight Stationary - Sparse Weights & Inputs

L06-124

March 4, 2026

i = Tensor(W)

f
(o)

Te
Ar

for (
for (
par

nsor(S)

ray(Q)

# Input activations
# Filter weights

# Output activations
, f_split) in f.splitEqual(2):

, 1_split) in i.splitEqual(2):

allel-for (

parallel-for (s9, f_val) in f_split if w@-Q <= sO < wo

, i_val) in i_split:

o[q] += i_val * f val

4

Do you see any disadvantage to this design?

Yes, more frequent read from larger buffer

Sze and Emer
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Output Stationary - Sparse Weights & Inputs

Og = lg+s X Fs

i = Tensor(W) # Input activations
f = Tensor(S) # Filter weights
o = Array(Q) # Output activations

for g in [0,Q):
for (s, (f_val, i _val)) in f.project(+q) & 1i:
o[q] += i_val * f val

Need to work on a series of pairs
of weights and inputs
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Fiber Coordinate Projection

Weights
S
L]
| FELLLEE RN R LN : | — | D |
w Q = W-ceil(R/2)1
Inputs Outputs
N .project(+2) N

a b c? a b C

Does projection require complex hardware?
Representation dependent

March 4, 2026 v Sze and Emer



LO6-127

Fiber Intersection

Gte , aaan

o o>
0 m

Does intersection require complex hardware?
Representation dependent

What representations would be good?

Uncompressed, bit-mask, maybe coordinate/payload
March 4, 2026 v Sze and Emer
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Output Stationary - Sparse Weights & Inputs

A Update
i I » Coord Payload =
E W [ Pos Coord
i : [ Payload Partial Sums
| LFiterWeights | fls f
i 1 Z [s]
1 10D :
i -1
i _ Inter-
E ‘.
41 [w]
i I _____ I | @
| ifw] )
IPos Payload b=—— o’[q]
[ Coord |——
L Input Act. w
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IS-OS Dataflow Einsums (K=1)

OP,CI = IC,P+7‘,q+S X Fc,r,s

Substituting h=p+r, p=h-r and w=qg+s, q=w-s

Oh—r,w—s — Ic,h,_w X Fc,r,s

Split into multiple steps
Thrw-s = lepw X Feprs
Oh-rw-s = Thrw-s
Reverse-substituting p=h-r, h=p+r and g=w-s into the second step

Th,r,w—s — Ic,h,w X F, c,r,S

Opq = Tptrrg

March 4, 2026 |I|il- Sze and Emer
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IS-OS Dataflow — Step 1

Th,r,w—s =/ chw X F, cr,s

Order:h ->w->c->r->¢

Project 't g to 's’

parallel-for h, (t_.r, i w) in t h << i h:
ToRSW,L/A wWal, dmedtaw
FORMES W IalV, ARy Ll G gl e
RO (N e WAt | T AR
parallel-for s, (t_ref, f val) in t_qg.project(w-q) << f s
t ref += i val * f val

using 's = w-q’

The fiber 't g is
from the "'w-s” rank of T
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IS-OS Dataflow — Step 2

L06-131

Opq = Tp+rrg

Order:p->q->r ->p+r

parallel-for p, 0. q in o _p:
for q, (o ref, t val) in o g << t_gq:
on'yr Vb gin-TE= re
t val = t _h.getPayload(p+r):
o ref += t_val

March 4, 2026

Pathological iteration over

rank, since it is constrained
by known "p" and 'r’
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IS-0OS Dataflow

parallel-for h, {t_rl i w) in|t_h|<< i _h:
for w, i val in i w:
0] i o S T ¢ J 6 e Nl gl
for r, (EROH f s) in @8 << T r:
parallel-for s, (t_ref, f val) in [t_g.project(w-q) << f s
t ref += i val * f val

[""HJ.” CCR)J’ (TQ).’] _> [ﬂ' J), "(’RJ.’, ('(HJ.’]

parallel-for p, 0. q in o _p:
for g, (o ref,rE_F) in o g << |t g
for r, [Sssil in [Nswiar
t val =|t_h|getPayload(p+r):

o _ref += t_val

4
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IS-0OS Dataflow

L06-133

parallel-for h, (t_ r, i w) in t h << i_h:
for w, i val in i w:
forFe) (G twa =) siin i e if et
0] G et (oo 0 gy o i 1 B [ LA et 7
parallel-for s, (t_ref, f val) in t_g.project(w-q) << f s
t ref += i val * f val

[((‘H)J, f('R)J’ ('(Q)J] _> [ﬂ' J.’, "(RJJ, ('(HJ.’]

parallel-for p, 0. q in o _p:
for g, (o_ref, t r) in o gq << t_q:
fFOrs Rt gl N6 2 e T is traversed
t val = t _h.getPayload(p+r):
o_ref += t_val

in a discordant
order

4
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IS-0OS Dataflow

L06-134

parallel-for h, (t_.r, i w) in t h << i _h:
for w, i val in i w:
HerFe) “(G Twa SR SN JERE i et
0] G et (oo 0 gy o i 1 B [ LA et 7
parallel-for s, (t_ref, f val) in t_g.project(w-q) << f s
t ref += i val * f val

= t.swizzleRanks([“H”, “R”, «Q»] -> [“Q”, “R”, “H”])

parallel-for p, 0. q in o _p:
TORAG, " (0 Rel ot r )R inFosgitc < 4E1G:
for< P higin b
t_val = t_h.getPayload(p+r):
o_ref += t_val

4
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1IS-0OS dataflow breakdown

Filters Input activations Output activations

. A W Q
RI j _. Layer 1 |y = .
» IS-0S (%

S
K j H P
: Wavefront col i Wavefront col i-S
channel 0 Channel 2 Stepo

[Yang et al., ISOSceles, HPCA 2023]
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1IS-0OS dataflow breakdown

Filters Input activations Output activations

. Ve W layerl K, —2—
[l e " L

»|1S-0S (%
P

—

S

K j H
" Wavefront col i Wavefront col i-S Step 0

channel 0 A Channel 2

Input I IS oS
frontend | backend

wavefront
S

Output
wavefront

[Yang et al., ISOSceles, HPCA 2023]

March 4, 2026 v Sze and Emer



L06-137

1IS-0OS dataflow breakdown

c Filters Input activations Output activations
s 3 W Layer1 K Q Layer 2
RI | __ y = _ y

'S »|1S-0S |» »|1S-0S [»
K j H P
b Wavefront col i Wavefront col i-S
v : channel 0 A Channel 2 Step 0
Input I IS I oS Output
frontend baCkend Wavefront

wavefront
S

[Yang et al., ISOSceles, HPCA 2023]

March 4, 2026 v Sze and Emer



L06-138

ISOSceles Speedup

B Fused-Layer B SparTen ISOSceles

O =

c>Dq>)*15-

o8

= 10

U-o 7.5

o 2 J

Q 5F

S

Q-LI_ 1.7

.l OII“JJ--JJI
W~ O O OO O WO 0 C
DN ONAMNODO O LN ©
rFreerrxrss >>0 0

=

[Yang et al., ISOSceles, HPCA 2023]
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