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Ihe Equalicy Problem for Vector Addition Systems is Dndecidable

*
by Michel Hack, Project MAC, M.I.T. )

Abstract: We demonstrate the usefulness of Petri Ners for treating problems
about Vector Addition Systems by giving a simple proof of Rabin's
Theorem on the Undecidability of the Inclusion Problem for Vector Ad-
dition System Reachability Sets, and then proceed to show that the

Incluaion Problem can be reduced to the Equality Problem for Reachability

Sets.

1. Introduction

Vector Addition é}stems were introduced by R. Karp and R. Miller in 1967,
to represent the control aspects of their Parallel Program Schemata [8). They
proved the decidability of certain problems about Vector Addition Syatemsa, such

as boundedness, and reported that M. Rabin had proved the undecidability of
the Equality Problem.
In fact, what Rabin had proved was that the Inclusion Problem was undecidable

by reducing the unsolvable problem of finding integer roots for exponential poly-
nomial equactions ke it.

The Equality Problem, which 1s of course reducibla to the Inclusion Problem,
remained unsclved. We will ghow that the converge reducibility also holds, thus
Iinally settling the problem.

In 1972, by which time it was known that Hilbert's Tenth Problem was undeci-
dable, Rabin presented a new, simplified proof of his result at a talk at M.I.T.
[14], an account of which can be found in Baker [1]. (Rabin never published his
proof.) This proof forms the basis for the Petri net version presented in this
paper.

Petri nets were introduced as a model for concurrent systems by C. A. Petri

{13] and A. W. Holt [6]; their interpretation was later generalized to permit

"
) This work was supported by the National Science Foundation under
research grant DCR74-21822.



unboundedness [ 7]. A further generalization, made in 1972 independently
by several people including the author [3, 9] yielded Generalized Petri Nets.
We shall use Generalized Petri Nets only as a useful graphical representation
of Vector Addition Systems; our proofs can be carried out using only ordinary
Petri Nets.

Finally, let us mention that the Recursiveness Problem and the Uniform
Recurgiveness Problem (Reachability Problem) for Vector Addition Systems are
still open; some preliminary results can be found in Hack [ 3, 4] and

Van Leeuwen [15].
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2. Vector Addition Systems and Petri Nets

2.1. Definition of Vector Addition Systems

We give Karp and Miller's original [8] definition of a VAS below:

(Let Z = the integers, W= the non-negative integers,)

Definition: An r-dimensional Vector Addirion System (VAS) 18 a pair
A = {q, W} in which qQ 18 an r-dimensgional vector of non-negative integers,
and W 1s a finite set of r-dimensional integer vectora: q ¢ Nr, we 2%,

The reachability set R(A) ia the set of all vectors of the form

q+w1+w2+... +wn such that, vi < n:
i
wiEW & q+j§1wjzn

Geometrically, in r-coordinate space, R(A) is the get of points
reachable from q by successive trans lations from the set W without ever

leaving the first or thant,

Karp and Miller gave no name to the various objects they introduced. : For con-

venience we shall introduce a terminology which will be consistent with that used

for Petri Nets.

The elements of W are called transitions, the elements of R(A) are called

markings, where q is the inftisl marking. Henceforth we ghall use t or tj ag

4 generic pame for trengitions, and a, b, ¢ ... as names for particular transi-

tions. Markings will be designated by M, M', M, ..., we reserve M, for the
initial marking,

If M is a marking in R{A) such that transition t € W can be added to it
to produce a new reachable marking M' = M+ ¢t ¢ INI, we say that ¢t is enabled at
M. The passage from M to M' is called a firing of t, provided that:

M2 -t & M =M+ ¢
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This is because the original motivation for atudying Vector Addition
Systems was to model parallel, agynchronous syatems, where a system state is
described by a marking, and where a state transition (transition firing) is
possible {enabled) iff certain conditione, auch ag non-empty buffers, are
satisfied (M = -t},

In our proofs we shall only use Vector Addition Systems whose transitions
have coordinates restricted to [-1, 0, +1}. Such a VAS is called a restricted

VAS.

" 2.2. A Graphical Representation of Restricted Vector Addition Systems

In a restricted VAS, each transition firing changés certain coordinates of
the marking by incrementing or decrementing the coordinate by one. We can
imagine a counter for each c¢coordinate i, or better yet, a nggg Py intoc which or
from which we may deposit or remove a token. A wmarking can thus be visualized
ag a distribution of tokens over a set of places {pl, cany pn}. We shall draw
each place as a circle with a corresponding number of dots inside to represent

(See Eigurae 1.)
the tokens at some marking.h‘ﬂow we can repreésent a transition t by a vertex,
traditionally drawn as a bar, comnmected by arrows to those places whose token
count will be affected by a firing of t: If the ith ceordinate of t is -1,
we direct an arrow from place Py to t; if the ith coordinate of t is +1, we
direct an arrow from t co P, - A firing of t can now be vigualized as the
simultaneous transport of ome token along each arrow attached to the transition.
Note that the total number of tokens need not be congerved, A trangition t is
thus enabled iff each place which has an arrow pointing to t (input place)
contains at least one token; the firing of t takes one token from each input place
and adds ome token to each output place of t.

We can thus represent an n-dimensional restricted VAS by a bipartite
directed graph with an i{nitial marking, which i a distribution of tokens over

vertices of one type .- the places p1 +«+ P -=; the vertices of the other type
' T



Restricted VAS Restricted Petri net

My = (2, 0, 1, 0

Pa .

W={a,b, e, d]
(-1,+1,-1, 0)
(+1, 0,-1, D)
{ 0,-1,+1,-1)
{0, 0, 0,+41)

L 0 O B
]

2] PZ P3 P&
(corresponding places)

Figure 1: An example,

Figure 2: Result of firing transition a.



are called transitioms. Such a graph is called a Petri Net. Figure 1 shawsg

4 reatricted VAS and the correaponding Petri Net; Figure 2 illustrates the

firing of a transition by showing the result of Firing transition a ar the

initial marking as in Fig. 1. The following definition of a Petri Net is

adapted from Haek [2], and agrees with the original definition in Holt and

Commoner [7].

2.3, Petri Nets

Definition: o

A Petri Net is a directed bipartite graph with an initial marking.

The two distinguished types of vertices are called placesg

[pl, cee, pn} and transitions [tl, cees tL]' A marking M is a
funetion which associates with each place P, a non-negative number
of tokens H(pi) in that place, and can be treated like a vector

Me N, whose ith coordinate is M(pi).

A gimulation of a Petri Net is a sequence of firings of transitions;
only enabled transitions may fire at any time, and a transition is
enabled iff each of ita input places (those with arcs pointing to
the transition) containsat least one token in the present marking.
The firing of a transition changés the marking by ¥em0ving one token
from each of its input places and than adding one token to each of
its output places (those places that are pointed to by arca from the
transition),.

A marking M' is said to be reachable from marking M iff there exists
a firing sequence which transforms M into M', The set of all markings
reachable from the initial marking is the Reachability set of the

Petri Net.
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Actually, this definition permits two possibilities which do nor arige
when we represent a restricted VAS ;
- there may be Belf-Loops, {i,e, pairs p,t such that p is both an loput
place and an ocutput rlace of ¢t.
= there may be two tranaitioms £, and tz which have exactly the same

input and output placegs.

The first situation does not arise because In a VAS transition, a coordinate
cannot be both positive and negative; the second does not arige because in a
VAS a transition is defined by its input anpd output places: W 1g a aet, where
no element 'occurs twice."

So let us call a Restricted Fetri Net (RPN) a Petri Net which has no Self-
Loops and no duplicate transitiona. Then it {s easy to gee thar for every
Restricted Petri Net with a given ordering of its places Py .-+ By there is

exactly one Restricted VAS of which it is the graphical representation:

Fact ¥) The graphical representations of Restricted Vector Addition Syatems

are exactly all Restricted Petri Nets.

2.4. Generalized Petri Nets

The notation of.Petri Neta can easily be extended to represent arbitrary
Vector Addition Systems, or a slight generalization thereof, namely
R. Keller's Vector Replacement Syatems [9]. This is done by assigning a gize
to each arc in the Petri Net, with the understanding that an arc of size K ¢ W
transports K tokens per firing instead of one. Thess so-called Generalized
Petri Nets have been found to be guite useful tools for investigating the
Properties of Vector Addition Systems and related formalisms, mainly because their
graphical form provides s better grasp for the intuition required to guide the
Tesearcher towards his goal [4]. For more information on the relationship between
Generalized Petri Nets, Vector Addition Systems, Restricted Petri Netg and re-

lated formalisms, refer to Hack [3].

*) This relationship is also discussed in Miller [11].



3. The Decision Problems

We shall present a sequence of decision problems, each of which is
recursively reducible to the next problem, The first problem 'in -the.
sequence isg Hilbert's Tenth Problem, which was shown to be undecidaﬁle by
Matijasevid [10] in 1970. This successively implies the undecidability of
the problems it is reducible to, and thus shows that the Equality Problem,

to which the others are reducible, is undecidable,

3.1. Hilbert's Tenth Problem (H)

Hilbert's Tenth Problem [5] is the problem of deciding, given a poly-
nomial P(xl, . xr) with integer coefficients (diophantine polynomial),

whether it has an integral root, that is, a solution to:
{o @) €Z :pl @) =0
1* -~ T - 1!"') r .

3.2, The Polynomial Graph Inclusicn Problem {PGIP}

We define the graph G(P) of a diophantine polynomial P(Xy, <., X ) to

be the set: ;

c+l

G(P) = [(xl,...,xr, y) € N [y < Plxy, vuyx )]}

The Polynomial Graph Inclugion Problem is the problem of deciding, given two
polynomialse P{xl, ...,xr) and Q(xl, ...,:r), whether G(P) < G(Q).

%
We shall show that H {s recursively reducible ) to PGIP. (Theorem 2.)

3.3. The V.A.S. Subspace Inclusion Problem (S5IP)

Instead of worrying about all coordinates in a VAS, we shall now restrict
our attention to the subspace generated by some of the coordinates. To be
gpecific, we shall atudy the projections of reachability sets of dimension n
on the first r coordinates, O g resn. IfveE N'is a vector, then its pro-
jection Pr(V) is the vector w E%Nx whose coordinates are the first r coordinates

of v, in the same order.

*)

H and PGIP can in fact be shown to be recursively equivaleat.



The Subspace Inclusion Problem is the problem of deciding, given two
V.A.S. A and B of dimensions 2r, whether the projection of one reacﬂability
set is included in the projection of the other: PrCR(AJ) 1 PrUR(B)).

In other words, is it true that yv € R(A) Tw € R(B): Prfv) = Pr(w)?

We shall show that the PCIP is reducible to the SIP. {Theorem 3)

3.4. The V.a.s. Reachability Set Inclugion Problem (iP)
Given two V.A.S. of game dimension n, iz the Reachability set of one
included in the Reachability set of the other?

it 1s clear that the IP 1is an instance of the $IP; we shall ghow that the
SIP 13 also reducible to, and thus equivalent to, the IP. ({Theorem 4.)

3.5. The V.A.S. Reachability Set Equality Problem (EP)

Glven two V.A.S. of same dimension 7, are the two Reachability sets equal?
Again, the EP is clearly reducible to the IP. We prove the converse, and

thus establigh the undecidability of the EP (Theorem 3)

3.6. Other Decision Problems ahout V.A.S.

It may be appropriate here to mention some related decision problems for
VAS's:

The Boundedness Problem iz the problem of deciding whether the Reachability

Set contains markings arbitrarily large in some given subset of the coordinates,
It has been shown to be decidable by Karp and Miller [3, B].

The Reachability Problam ig the problem of deciding whether a given marking

is in the Reachability Set or not., It is 8till open; partial results can be

found in Hack [3, 4], Keller [91, Nash [12] and Van Leeuwen [15].
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4. Computation by Petri Nets

In order to relate Hilbert's Tenth Problem Lo Petri Nets, we must show how
Petri Nets can compute polynomials, in some sense. Usually, an automaton used
to compute a function is given its arguments in some form, and starc;d in some
"initial" state. If and when the automston halts in some "final" state, we
can recover the computed value, for example by reading the contents of a cer-
tain register. Such an autometon is usually thought to be deterministic, or at
least functional in the sense that all halting computations produce the same
result. But the non-determinism associated with the set of possible firing
sequences in a Petri Net is essential tc the power of Petri Nets. In fact, if
we only consider Nets vwhose firing sequences are monogenic ('determimistic"
Petri Net), then all the problems mentioned so far are decidable {the reach-
ability sets will be ultimately periodic or finite}.

S0, in order to get any non-trivial functions, we have to modify our
idea of a computation. We shall gay that a non-deterministic automaton

weakly computez a function f(xl ...xr) iff the maximum output value over all

computations starting with the argument Xys oes X is f(xl, ...,xr).
Now let us see how we can embed a Weak Computer in a Petri Net. Some of
the constraints we shall use gre not egsential, but they will =implify the

expogition.

Definition: A Petri Net Weak Computer of r inputs is a Petri Net with at

least r + 1 places (r input places and onme "start" place) and at least

2 transitions, called "stop" and "count", which satisfies the following

conditions :

1. The initial marking comsists of L tokens in the ith

input place,
ane or zero tokens in the "atart” place, and zero tokens in all

other places.
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If the "start" place containa zero tokenma initially, no transi-
tion is firable. -

After the "stop" transition has fired, no trangition is
firable anymore.

The 'count'' transition can fire at most f(xl,...,xr) times, where

f ia the function weakly computed by the Petri Net.
If the initial marking containe a token in the "start" place, then
the “stop" transition can fire after any number of "count"

firings up to f(xl,...,xr) times, including zero.

Some comments on the 5 points in the definition:

1-

2.

This is the encoding of the argument for the weak computer.

This permits the computer to be gwitched on, by putting a token into
the "start" place. This token is consumed by the first transition
firing which starts the computation.

This is how the computer is switched off. Together with cenditions

4 and 5, this assures that the computation can be stopped at any ouk-
put between 0 and f(xl, ...,xr).

This means that, among all possible firing sequences from the initial
marking with one token in the "start" place, at least one fires the
"count" transition f(xl, o+, X, ) times, and none fires it more often.
It does mot mean that if we aimply delay Ffiring the "stop" transition,
we will eventually fire the "count™ transition that many times; we may
get "stuck' before. Therefore, when exglaining how such a computer
works, we ought to provide a strategy for achieving the highest possible

number of firings of "count."
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: 21" "egunk"
&)
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{possibly some internal

places and transitions)

g0 —~u

r'l-l "Stop"
Figure 3: A Petrl net Weak Computer.

Yeount™

Hstopll

Figure 4: A weak adder.
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Figure 3 shows the general disposition of a Petri Net Weak Computer. {The
bottom portion of the box can be thought of as the "eontrol" portioﬁ of the
computer.) We shall now show how to construct such Petri Net Computers for
addition and multiplication, and how to combine them Eoc construct a Weak

Computer for polynomials with non-negative coefficients.

Le 1. Addition of non-negative integers is weakly computable by Petri Nets.

Proof: The Petri Met shown in Fig. 4 aatisfies the conditions for a Weak

Computer for addition.

It 1s easy to verify points 1, 2, 3, and 5. To verify point 4,, we note that
the firing sequences are really a subset of the regular language described

by ¢ « (a - count + b - Egggg)* gtop, where the number of accurrences of a and
b is Iimited by x and y, respectively. Thus, "count" will fire once for each

token removed from one of the input places, up to x + y times, and no more.

Lemma 2: Multiplication of non-negative integers is weakly computable by

Petri Nets.

Proof: Consider the Petri Net in Fig. 5. Again, it is easy to see that
conditions 1, 2 and 3 are satisfied. Indeed, the four places labelled
p4,'..ﬂ,p7 can have only one tcken altogether, namely after s has fired
(removing the token from "start”) and before s'("stop") has fired. Again,
all "complete" firing sequences are selected from a regular set,
described by

salce')a' ®b'3 ) s



- 14 -

The restrictions imposed by the contents of the three 'registers"

P1s Py» Pg (Initialized to x,y, 0, respectively) are the following:

the number of occurrences of a is bounded by x

the number of cccurrences of cc' between a firing of a

and the following firing of a’ is bounded by the contents of
pzjus:-aftarthe firing of a.

the number of firings of bb' between a' and a is similarly
bounded by the contents of Pg-

neither p, MOT pgy can ever hold more than y tokens; in fact,
the y tokens originally inp, can only be shuttled back and

forth between Py and Pg-

It follows that ¢ ("count'} can fire at most y times between

firings of a, which itself can fire at most x times. 'count" can thus

fire at most x » y times. A strategy to ﬁire "eount" the maximum number

of times is the firing sequence

s(a(ee'yY a’(bb')y)x g'.

This clearly fires ¢ ("count™) x-y times, thus condition 4. is

satisfied.

Finally, condition 5. is satisfied because after firing ¢ the

desired number of times, we can fire c'a’s' to stop.

QED

Now we shall see how to weakly compute an arbitrary polynomial of geveral

variables with non-negative cocefficients. We can write a *program" which

uses only addition, multiplication, and substitution of the form P(xl, x,, x3),

where Xy =Xy = Qle, yz), for example. Here, P and Q are polynomials we have

already constructed, and the result of the substitution is a new polynomial
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o
"count"
st
IIS Op"

Figure 5: A weak multiplier.

{"count Q")

"count "

("stop Q] &

start )

{unsubstituted input of P)

"gtart" C.)-/ {"start Q") ("stop P")k\{l

l's top "

R(ylsyE’x3) = P(Q(yl’yz)'Q(yl'yz)’KB)
Figure 6: Composition of two polynomials.
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Lemma 3

If P(xl, Xq, 13) and Q(yl, yzj are polynomials with non-negative
coefficients weakly computable by Petri Nets, then the result of the
substitution of Q(yl, yz) for certain variables of P(xl, Xy xj)

(aay, Xy and ::2) is weakly computable by a Petri Net.

We construct a new Petri Net out of the Petrli Nets for P and Q by
connecting them as shown in Fig. 6. The input places of the Petri Net
for P that sre used for substitution become internal "registers,™ filled
by the firings of the "count' transition of the Petri Net for Q; the
"stop" transition of Q is connected to the "start" place of P which also
becomes internal. The inputs to the new Petri Net are the inputs to Q
and the unsubstituted inputs of P; the output transitions 'gcount" and
"stop' are those of P.

We have to verify the 5 conditions of weak computability.

L. The initial marking must leave all internal places blank, in particular

the substitution inputs of P and !'start P."

2. If "stert" (i.e. "start Q") has zero tokens, then "stop Q" can never
fire (condition 2 for Q), hence "atart P" naver gets a token, and
nothing in P can ever fire either.

3. When "stop,”"i.e.:"stoep P"has fired,mo transition in P can fire any-
more. But before "stop P" could have fired, there must have been a
firing of "stop Q," hence no transition can fire in @ either.

4. After "stopQ'"has fired, the inputs to P are no greater than Q(yl’ yz)
and X3 respectively. Since we assumed that P is non-decreasing in
all its vartiables (non-negative eoefficients), the output of P

(number of firings of '"count") is no greater than
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P(Q(yl, yz), Q(yl, yz), xs). On the other hand, we may use the
maximm strategy for Q before starting P, and then use the maximum
strategy for P. This clearly produces the degired output.

5. This condition is the one assumed for P:

QED.

It should be easy to see how a polynomial with non-negativé integer coefficien
can actually be computed by iterating substitutions as described abave. In parti-
cular, multiplication by integer coefficients can be done by repeated addition of
monomials, since the substitution we described includes the possibility of producir
several copies of intermediate results. (In the example, Q(yl,yz) is copied twice,

iato x) and xz.)

From this follows: ..

Theorem 1: Polynomials of meveral variables with;non-negative integer

coefficients are weakly computable by Petri Nets.

Note: This does not nearly exhaust the computational power of Petri Nets.
Indeed, Rabin's first proof was based on exponential polynomials, and we have
developed a method for weakly computing arbitrarily fast-growing primitive

recursive functions by Petr{ Nets.
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5. The Undecidability Proofs

$.1. The PGIP
In the preceding section we have seen that Petri Nets can weakly compute
polynomials with non-negative integer coefficients, We therefore first present

a variant of Hilbert's Tenth Problem.

Theorem 2: Hilbert's Tenth Problem (H) is recursively reducible to the Poly-

nomial Graph Inclugion Problem (PGIP).

Proof :
a, We can restrict the arguments of the polynomials to.the non-negative
integers. Indeed, P(xl, e xr) = 0 has a solution in Z if and
only if one of the 2t polynomials obtained by replacing aome vari-
ables by their negative has a solutiom in N.
b. Any root of P(xl, Ve xr) is also a root of P?'(xl, eany xr), and vice ver

Hence we ¢an restrict our attention to pelynomials whose range is

in N.

c. By separating the positive and the negative coefficients of a poly-
nomial whose range is non-negative, we ger two polynomials
Ql.(xl’ ceesy xr) and Qz(xl, ooy xr?_, each with non-negative integer

coefficients, such that:
VE), coea X € N: Ql(x.l, vres xr)_z Qz(xl, AN xl_)
There exists an-integral root to the original polynomial if and only if

gxll =aay xr £ N: Ql(xls 1y xr) =Q2(x19 tery xr)-

Now let us consider the following two polynomial graphs

6@ = ((x)y ooy %, 7Y € NPy < 0 (ry, onvs %))

r
6Q, + 1) = {¢(x,, ..., x_, ¥y € llr+1[ys 1 +Q,(%;, 00, x_))
2 1 r 21 r

From this follows that:
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G(Qz +1) ¢ G(Q].) had [Vx].’ smay x,,_.’ YEN: < Qz(xls seey xr} +1 =
¥ £ Qs .. x )]

& —|Ex1, teer X 3 F EN:QI(::I, ceey xr)<ys 1 +Q2(xl, ey xr)

Combining this with the fact that Q2 never exceeds Ql' this implies:

G(Qz +1) ;G(Q]_) = _THKI’ caey xr: y € N:y =1+Q1(K1, ey xr)

=1+0Q0, ..., x )

In other words, the E is decided in the negative if and only if the

- corresponding PGIP is decided in the affirmative, thus proving the

reducibility of H to the PGIP,

QED.

5-2. The SIP

—r—

Now we shall use the fact that Petri Nets can weakly compute polynomials.

Lemma 4: Given a polynominl QCzl, - xr) with non-negative integer co-

efficients, there exists a Petri Net A such that the projection of its

reachability set on the first r+1 coordinates is the graph of Q:

P 1R = 6@).

let B be a Petri Net Weak Computer for polynomial Q, as deacribed in
the previous gection. We comstruct from B a new Petri net A by adding
r + 3 new places and renumbering the places in B so that the naw places
are numbered P; s+t Ppyq 38 shown in Fig. 7. The tnitial marking con-
glats of one token {n pr+3 and zero tokens in all other places. The new

transitions are a -a_, one for each input to B, tramsition b, which

1"

connects Py to Pri2e and transition ¢, which connects P to the "start"

43

Place of B. Before c fires and switchea the computer on, each a, may fire

an arbitrary number of times and thug generates an arbitrary argument
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1
Py (x,)
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: start "stop'
1
(
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i (xl) . fxr) (YJ
L J L} L}
P
A_ 1 P Pril
Yy Sy, ... %) P RA)) = 6@
Figure 7: Simulation of a polynomial graph.
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-(xl, -y xr} for polynomial Q; this argument 18 also saved in Py s« Pp-
After ¢ has fired, B weakly computeg Q(xl, cany xr), and at no time do we
have more than Q(xl, cany xr) tokens in Ppyys Yot there exists a computation
which puts that many tokens on Prai- The markings of thege rlaces,
Pl -++ Ppij» &Fe thus precisely the points in the graph G(Q).
QED.

From this follows:

Theorem 3: The PGIP is recursively reducible to the Subspace Inclusion

Problem (SIP),

Proof: Given two polynomials with nen-negative integer coefficients we con-
struct twe Petri Nets whoge projected Reachability Sets are the graphs
of the respective polynomials as indfcated by Lemma 4. Then a test
for the SIP will also decide the corresponding PGIP.

QED.

5.3. The IP
Noew we shall show how we can modify Petri Nets of n places to "forger™ the
marking inn - r "uninteresting" places and thus reduce the SIP to a comparison

of complete Reachability Sets, the IP,
Theorem 4: The SIP is recursively reducible to the IP.

Procf: Suppose we are given two Petri Nets of n and m places, respéctively, and
we wish to test, for the two projections on the firset r coordinates of the
respective Reachability sets, whether one 1s a subset of the other.

First, we note that we can always add In - ml Places to the smaller
net (without renumbering the original places) to get two nets with the
same number of places, say n. If we don't connect these new places to
any tranaitions, we will not change the Reachability set as far as the

old places are concerned, and thus the problem is raduced to the following:
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Given two Petri nets A and Bofnoxr places each, 1s
P.R@)) < P_(R(B))?
We will modify both nets by adding four places to each net,

numbered p e Prgr and we will modify the Reachability Sets in

o+l -’
such a way as to make the inclusion depend only on the first r co-
ordinates.

Specifically, the modifications are shown in Fig. 8. Petri net A'
differa from A only in the four additional places, which are permanently

marked (1, O, 0, 0). Therefore, we have:

R(A’) = R(A) x {1, 0, 0, 0))}

The notation speaks for itself: each marking M' ¢ A' consists of a
marking M € A in places By «-+ Py and of the marking (1, O, g, 0% in
places Pher - Phiy’ We write this also as M' = M« (1, 0, 0, 0.

The Petri net B', constructed from Petri net B, has, in addition
to the four new places Prsl - Prag which are initially marked

{0, 0, 0, 1), several new transitions.

= Every old transition, 3 through tz, carries cne token from p tao

n+3

pn+4. The new transition a carries one token from pn+4 to Pn+3'
This means that to each firing sequence in B there corresponds a
firing sequence in B' obtained by preceding each firing of a
tos 1< i< g, by a firing of a. The markings generated in B' by
these firing sequences are clearly either of the form M. {0, 0, 0, 1)
or M« (0, 0, 1, 0), where M € R(B).

* The new transition b carries a token from Po.g to Prat2® After that

transition hag fired, places Pne3 and pn+4 will remain empty, and no

old transition t

1 - tz will ever be firable again; in fact, the

firing of transition b switches the old net B off,
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= ¥No new transgitions are connected to places p1 cea pr. Thus,
after trangition b has fired and B has been switched off, the
marking of these places remains frozen. Thus, the projections of

the reachability sets of B and 3' on the first r coordinates are

the same: Pr{R(B')} = Pr(R(B))

- For each "uninteresting" place, p

r+l ‘0 Py Ve introduce two new

transitions di and e, r+ 1< 1< n, These transitiona carry a

token from Poio O Poel and, in addition, elther decrement (di) or
increment (ei) the marking in the "uninteresting" places. The last
back to

new transition, ¢, carries a token from p Thus,

Ptz

that token can

n+l
afrer the firing of b has put one token on Prias
shuttle back and forth between Phio and Potl while arbitrarily
changing the marking in places Ppyl --- P thus effectively
"erasing" their marking. Since any new marking M' ¢ X" ° can ba

reached in p «s Py while the marking in Py +re P remaing

r+l
frozen at some M ¢ P_(R(B)), the remaining markings in R(B') are of
the form M+ M'+ (0, 1, 0, 0) or Me M' » ¢1, D, 0, DY, where

M € P (R(B)) and ¥' € K" ",
Therefore:
R(B") = R(B) x {¢0, 0, 0, 1}, ¢0, 0, 1, 0%} W
P,R(B) x N "x (¢0, 1, 0, 0), (1, 0, 0, 0}]
Recall that:
R(A") = R(A) x {1, 0, 0, O))
Thus: R(A') CR(B') e R(A) < P_(R(B)) x W'~

© P R(A)) € P (R(B))
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Since we comstructed an instance of the IP from a Ziven instance
of the SIP, we canclude that the SIP is reducible to .the IP.

QED.

Corollary: Rabin's Theorem,

5.4,

Glven two Vector Addition Systems or Petri Nets, it is undecidable
whether the Reachability Set of one is a subset of the Reachebility

Set of the other.

This follows directly from the undecidability of Hilbert's Tenth Problem
and the cumulative effect of Theorems 2, 3, and 4., All constructions
have used Petri Wets which can be directly translated into Vector Addition
Systems whose coordinates are in fact limited to {-1, D, +1).

QED.

The EP

We are now ready to produce our original contribution to the art.

Theorem 5: The Inclusion Problem is recursively reducible to the Equality Problem,

Proof:

Suppose we are given two n-place Petri nets (n-dimensional V.A.8.) A
and B. We wish to test whether R(A) ¢ R(B). We shall construct from
A and B two Petri nets D and E such that:

R(A} cR(B) & R(D) = R(E)

Both nets D and E will be constructed from a comeon net C which, in a
gense, encodez the union R(A) |J R(B), and we shall use the fact that:

R{A) c R(B) & R(B) = R(A} U R(B)

Petri net C is constructed as follows. First, we identify the places of
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n+3
b n

Poys

Figure §: C can simulate either A or B .
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A with the corresponding places of B. This produces the firat n places

of C. If a;

trangitiona of B, then place Py of C is connected to aj iff it 15 so

- az are the transitions of A and b1 - bk are the

connected in A, and to bj iff it is so connected in B. [n addition, €
contains five new places Pogl - Pois and four new transitions
1 L1} 1 n .
a’', a", b', b". Places Poyl and P, are conmnected via each transition aj
in one direction, and via a'" in the other. If these places contain no
token, then all transitions of A are disabled, otherwise the transitions can §
. N L)
as they would in A. Places P, and Ph4,: 20d trangition b", do the same

for the transitions of B. Thus, depending on which pair {p } or

a+l? Pniz
[Pn+ , pn+4} contains a token, we can simulate either the firing sequences

of A or those of B, as well-as the corresponding markings, provided we -

atart with the proper initial marking., See Fig. 9,

This is enforced by place P45 8nd transitions a' and b'. The
initial merking of C consists of one token in Pris and zeroc tokens
everywhere else. Transition a' putg the initial marking HbtA) of A
on places Pp «»e P and transfers the initisl token from pn+5 to Pog2
transition b' puts the initial marking MO(B) of B on Py »e» Py and
transfers the initial token from Pos EO P *

If tha initial markings of A and B have at most one token in any one
place, then transitions a' and b’ tan be those of Restricted Petri Nets (Re-
stricted V.A.$.), otherwise we need arc bundles (Unfestricted V.A.8.)., But we
may recall that, in the constructions for Theorems 3 4ng 4, we have
never encountered an initial marking with more than ona token per place;

in fact, the initial markings for the mets constructed for Theorem 4

from those produced by Theorem 3 consist precigely of one token in each
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of two places, as can be checked from Figs. 7 and 8. So, for the
purpose of the undecfdability proof of EP, we need to consider only
Restricted Petri Nets.

The Reachability Set of C can now be described as follows:

- initial marking: (0} « ¢0, 0, 0, 0, 1)
= if the first firing was a': R(&) x ((0, I, 0, 0, 09, ¢1, 0, O, 0, M)

= 1f the first firing was b': R(B) x {¢(0, 0, 0, 1, 0%, (0, 0, 1, 0, 0))

Thus :
R(C) = ¢(O)" x ({0, 0, 0, 0, 1)] U
RCA) X {(D) 1: 0: 0: D), (1: 05 0) Os O)] U

R{E) X {(0, o, 0: 1, D)p (0: o, 1: 0, U)]

Now we can construct D and E as shown in Fig. 10. D is obtained from

C by adding transition b'"', which removes a token from Phy3 This can
happen only if the first firing was b', and thus the only new markings
are of the form M « ¢0, 0, 0, 0, 0), where M € R(B). Thus:

R(D) = R(C) U (R(B) x {¢r0, 0, 0, 0, O5])

Petri net E ia obtained from Petri net D by adding, in additfon to

b™, the transitiocn a'" which removes a token from P, Thus:

1°

R(E} = R(D) U R(A) x {¢0, 0, 0, 0, 0)}

E(C) U ((RGA) UR()) x (¢0, 0, 0, 0, OYD)

Since no marking in R{(C) ends in (0, 0, 0, 0, 0%, we conclude that:
R(D) =RE) & R(A) c R(B)

QED.
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This allows us to announce:

Corollary: The Equality Problem for Vector Addition System Reachability Sets

iz Undecidable.

In fact, we have proved a much stronger result, since the instance of
the EP used in Theorem 5 is quite singular: The two Petri Nets whose Reachability
Sets we compare differ only by the presence or absence of a single transition
a™!
Thugs we may state:
Theorem 6: It is undecidable whether the removal of a particular transition in

a Petri Net or V,A.5. changes the Reachabiliry Set or mnot,

We should peint out, however, that this result is not as drastiec as it
might seem: even though the set of reachable markings may not change, its
connectivity, as determined by which marking is reachable from which other

marking by which firing sequence, is usually guite changed.-.- =~



- 31 -
References
1. Baker, H. G., Jr. Rabin's Proof of the Undecidability of the Reachability

Set Inclusion Problem of Vector Addition Systems. Computation Structures
Group Memo 79, Project MAC, M.I.T., Cambridge, Mass., July 1973,

2. Hack, M. H. Analysis of Production Schemata by Petri Nets. Technical Report
TR-94, Project MAC, M.I.T., Cambridge, Mags., February 1972.
CLorrectiong to "Analysis of Production Schemata by Petri Nets", Computation
Structures Note 17, Project MAC, M.I.T,, Cambridge, Mass., June 1974.

3. Hack, M. H. Decision Problems for Petri Nets and Vector Addition Systems.
MAC Technical Memorandum 59, Project MAC, M.I.T., Cambridge, Masg., March 1975.
Also: Computation Structures Group Memo 95, Project MAC, March 1974,

4. Hack, M. H. The Tecursive equivalence of the Teachability problem and the
liveness problem for Petri Nets and Vector Addition Systems. Proceedings of
the 15th Annual IEEE Symposium on Switching and Automata Theory, New Orleans,
Oceober 1974. Algo: Computation Structures Group Memo 107, Project MAC, August 1¢

5. Hilbert, D, Mathematische Probleme. Vortsg, gehalten auf dem internationalen
Mathematiker-Kongress zu Paria 1900. Nachr. K. Ges. Wigs. GSttingen,
Math.-Phys. K1. 1900, pp 253-297. Translation: Bull. Amer, Math. Soe., 8
(1901-1902}, 437-479.

6. Holt, A, W., et. al. Final Report of the Information Systems Theory Project.
Technical Report RADC-TR-68-305, Rome Air Development Center, Criffiss Air
Force Base, New York, 1968.

7. Holt, A. W., and F. Commoner. Events and conditions. Record of the Project
MAC Conference on Concurrent Systems and Parallel Computation, ACM, New York,
1970, pp 3-52.

8. Karp, R. M., and Miller, R. E. Parallel program gchemata: A mathematical
model for parallel computation. IEEE Conference Record, 8th Annusl
Switching and putomata Theory Symposium, October 1967, pp 55-61.
A wore complete version of this paper appeared in the Jourpal of Computer and
System Sciepces, Vol.3 No.2, pp. 147-195, May 1969,

9. Keller, B. M. Vector Replacement Systems: A Formaligm for Modaling Asyn-

ghronous Sygtems. TR 117, Computer Science Laboratery, Princeton University,
Decembar 1972, .




10.

11.

12.

13.

14.

15,

- 32 -

Maf:ijas'evi!, Ju. V. Enumerable sets are diophantine. Soviet Math. Dokl.
Vol.ll, No.2, pp. 354-357, 15970,

Miller, R. E, Some relationships between various models of parallelism
and synchromization. IBM Research report RC-5074, October 1974.

Nash, B. 0. Reachability problems in vector addition systems.
Amer, Math. Momthly 80 (1973), pp 292-295,

Petri, C. A. Communication with Automata. Supplement 1 to Technical

Report RADC-TR-377, Vol. 1, Griffiss Air Force Base, New York, 1946.
Originally published in German: Kommunikation mir Automaten, University
of Bonn, 1962.

Rabin, M. Private comnunication, Fall 1972.

Van Leeuwen, J. A partial solution to the reachability problem for vector
addition gystems. 6th Annual ACM Symposium on Theory of Computing,
May 1974, pp 303-309,

P —



