LABORATORY FOR
COMPUTER SCIENCE

MASSACHUSETTS
INSTITUTE OF
TECHNOLOGY

j

Denotational and Axiomatic Definitivons
for Path Expressions

Computation Structures Group Memo 153-1
November 1977

Valdis Berzins
Decpak Kapur

This research was supported by the National Science Foundarion under grant
MCS74-21392 AOLl and by the Advanced Rescarch Projects Agency o

the
Department of Defense and was monitored by the Office of Naval Research under
contract NG00 14-75-C-0661.

____ y

ES—.

545 TECHNOLOGY SQUARE, CAMBRIDGE, MASSACHUSETTS 02139




Dénutntional and Axiomatioc Definitions for Path Expressions

Abptraot

© Path expressions are a well known means for specifying synchronization constraints ameng
concurrent programs. A denotational semantics for path expressions is presented, based on a model
of jparallel processing where computations are described in terms of indivisible events, A method
for deriving a formula in the first order predicate calculus that captures the synchronization
constraints lrnpose;llﬁy a path expression is given for a restricted class of path expressions. An
‘example of a proof based on this formula is presented.
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1. Introduotlou'

We present two formal methods for defining the meaning of path expressions. The
methods for defining synchronization primitives for interacting concurrent processes that have
appeared n the literature ‘vary greatly in their degree of formality. Semaphores were introduced
informally in [4), and an attempt was made to formalize them using invariant relations in [81 Path
expressiorlu were introduced informalily in {9) and an implementation in terms of semaphores was
sketched. ' Path expressions have since evolved (2, 10, 5, I7), and the semantics of a version of the
formalism has been defined in terms of the Petri net formalism (21] by Laver and Campbelt (161!
Monitors were introduced informally in [12, 11 Serializers were introduced in (131 with an
axiomatic definition, using a model of computation based on message passing [6]

An informal definition of the semantics of a formalism is not sufficient, because it admits
several conflicting interpretations. A definition in terms of a specific implementation. introduces
 irrelevant details and accidental properties, which complicate the definition, and which may make it
more restrictive than intended. A formal specification of a system is precise, and can serve as a
basis for proofs of properties of the system. A formal specification can also be used to establish
.whether a given implementation satisfies the desired behavior. Some progress has been made in
developing formalisms for defining synchronization primitives, but the area is still not well
understaod. ' |

Our approach is based on a model of parallel processing where computations are described
in terms of indivisible events. We identify the meaning of a synchronization primitive with the set
of all legal computation histories. In the denotational version of our method, we construct this set
explicitly. A related approach can be found in 51 Our definition method is to be contrasted with
the Oxford definition method [23), where a program denotes a particular function on a suitably
chosen domain. In the axiomatic version of our method, we characterize the set of legal historjes
by a first order theory (18] Properties of the synchronization scheme can be proven within the
theory. The set of all finite models satisfying the theory is precisely the set of all legal histories.

Section 2 contains a description of the underlying model of computation. In Section 3 we
iHustrate the denotational method by presenting a definition of path expressions, while in Section 4

we give an axiomatic definition of path expressions. In Section 5 we show how to construct proofs

I. The class of path expressions we define Is strictly larger than that considered in [i61
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based on our axiomatic definition method and present an example of a proof that a path

expression maintains an invariant assertion. Section 6 contains our conclusions.
2. Events and Computation Historles

 We view the computation performed by a parallel program as a finite partially ordered set
of indivisible events, denoted <E, <>, where E is the set of events that make up the computation,
and where € € E2 s a partial ordering relation on the set E. S represents the history of the
computation: the relation x < y holds precisely when either the event x has occurred stricily before
the event y, or when x and y denote the same event. Since € Is a partial order, it is reflexive,
transitive, and _andsymmurlc.z
The restriction that the set of events E must be finite is justified since any real machine
performs computations at a finite rate, and operates only for a finite length of time (eg. since it was
built). Conseﬁuently, at any given time, the execution of any given program must have a finite
computation history. We say nothing about whether the program in question has terminated, and
it may well be the case that at some later time the program will have run some more, and have a
hrger but sl:ill finite computation history.
The cvents in E are defined to be indivisible, so that they must correspond to the most
prlmttive operations performed by the hardware. Since we are interested in discussing
“synchronization at a level of abstraction appropriate to a high level programming.language. where
the actions we wish to synchronize will usually consist of many machine aperations, we define an
action to be a set of events, and we require distinct actions to be dispoint. For example, In the path
expression formalism, actions are identified with particular invocations of procedures, and it is
assumed that the set of events assoclated with a particular prncedure call is unambiguously defined,
at least f or those procedures sub ject to synchronization constraints.
We want tp talk about the order in which actions ocour in the computation history. We
~ will say that the action aj precedes the action a, (written 2 £ ag) precisely when either every event
- of aj precedes every event of ag, or &) and ag denote the same action® It is not hard to show that

2. (YxeE)[xsx]
V.7, 2€E){xSyny<i=e>x%z] and
(Y, yeE)[xSyAySxamx=yl
3, (Val.agcA)[a|<az <mm> (al-azv (Vx(al)(Vycaz){xSy})l
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this defines a partial ordering on actions. <A, <> is 2 computation history which describes the
computation in terms of the component actions. The ordering on actions has been defined so that
it is consistent with the underlying ordering on the component events, and so that it captures ali of
the information about the underlying ordering that can be observed without examining the
substructure of the actions. )

If neither x.$ y nor y < x then the events x and Y are unordered, and we say that they are
concurrent. If two events are concurrent in a computation history, then the order in which they
occurred is not determined, and need not be cbservable - the events may have been executed in
some unpredictable order by a single processing unit, or they may have been executed at the same
time by some parallel hardware. If two actions are concurrent in a computation history, then either
the refative order of the compnﬁent events of the two actions was not observed, or the component
events of the two actions were interleaved.

‘3. The Bemantics of Path Expressions

In this Section, we define the semantics of two classes of path expressions. A path
expression of Type | allows at most a fixed number of processes (equal to the number of paraliel
piths) to be actively exécuting code constrained by the path expression at any one time. The class
of'pﬁ;h expressions defined by Lauer and Campbelt in (16] is a proper subset of our first class.
Path expressions of Type 2 allow an unbounded number of processes to be active at the same time,
by means of Habermann's braces ("{}") construct [9]

8.1 Regular Path Expressions '
The abstract syntax 9] for path expressions of Typei is shown in Figure L. Each
operator exprmlm Is taken to be a labeled n-tuple. We denote an n-tuple x by S Yy S Ve
where the s; are the labels or sslector names, and where the ¥; are the component values. The 3
component of a labeled n-tuple x is denoted by x., 30 that for the example shown above, x5; = v,.
The abstract syntax can be embodied by a wide variety of concrete syntax schemes. We do
not want to commit oursetves to any particular scheme, so we will formulate our definitions in terms
of the abstract syntax. To improve readability, we will use a simplified concrete syntax in our
examples, where we drop everything except for the component valhu of the n-tuples, introducing
parentheses as necessary to show the association of operators. For instance, the abstract notation
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Fizuru l Abstract Syntax for Path Expressions of Type 1

path-expression(p) <«=> parallel-path(p) v connected-path(p) v path{p)
paraliel-path{p) <==> p = <al: x, op: 7", a2 y> A path-expression(x) A path-expression{y)
connected-path(p) <a=> p = aal: x, op: "&", a2: y> A (connected-path(x) v path(x))

. A {connected-pathly) v path(y))

path(p) <==> p = <beg: “path”, al: x, end: "end"> A pattern(x)
pattern(p) <w==> sequence(p) Vv cholm(p) v star(p) v name{p)
sequence(p) <==> p = <al: x, 0p: %", a2 y> A pattern{x) A pattern{y)
choice{p) <==> p = <l X, op: " 32 y> A pattern(x) A pattern(y)
star(p) <=«> p = <ak: x, op: "¢"> A pattern(x) -

narm.-{p) Cum> P € P

where P is the set of all procedure names. -

<al: x, op: ", a2: y»> simplifies to just "x ; y"

A path expression Is associated with a data type. Each object of the type has its own
- Instance of the path expression, constraining the order in which the operations (procedures) of the
data type can be applied to that particular object. Operations on disjoint sets of ob jects are not
constrained, and can always proceed cancurrently. The constraints imposed by a. path expression
can be summarized as follows. A single path requires that the procedures mentioned in it be
executed in an order consistent with the pattern contained in it, where the specified pattern may be
repeated indefinitely. Any two invocations of procedures mentioned in the same path are required
to be mutually exclusive. A sequence expression “a;b" requires an action of type "a" to
immediately precede every action of type "b". A choice expression "a , b" matches an action of type
"a” or of type "b", but not both. A star expression "a+” means that the pattern “a” may be repeated
an arbltrary number of times, including none at all. Parentheses are used in the usual way to
indicate the association of operators.

A path expression with parallel paths (1) requires the constraints imposed by each of the
components to be met. A connected path (%) also imposes the constraints due to its components,
and furthermore it requires all procedures mentioned to be mutually exclusive.

We first define the. meaning of a path expression p containing only a single path, and we
then def ine the meaning of a tompound path expression in terms of the meanings of its
componerit paths. -

A path exptession restricts the order in which the procedures named in it may be called,
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and it does not restrict the procedures that are not mentioned. Let S{p) denote the set of procedures
constrained by the path expression p. The function 5 is defined formally in the Appendix
(definition Al). :l'he constraints on the order of invocation for the procedures in a single path are
defined in terms of a regular language over the alphabet S(p), which is derived from the path in a
straightforward way: if p Is a path, then the asiociated language L{p) i3 the language generated by
the mgula.r expression R(p), where the function R is defined recursively as follows:

" R(p) = if pathip) then (R(pal)®
else if sequence(p) then R(p.al) R{p.a?2)
else if choice(p) then R(pal) | R(p.a2)

else if star(p) then (R(pal))*
else if name(p) then p

where | denotes disjunction and where # s the Kleene star. These concepts are illystrated in
Example |.

Example 1. p = path a; (b, c) end,

S(p) = fa, b, c},

R{p) =(a (b |c))* and

L{p) = {A, ab, ac, abab, abac, acab, acac, .. }, where A denotes the empty string.

To formalize the correspondence between the language and the set of legal computarion
histories, we introduce the concept of a restricted computation Aistory. As discussed in the previous
Section, the set of events E is partitioned into disjoint subsets which we identify with actions,
denoting the set of all actions by A We associate each action with a2 unique procedure, by
introducing the set of all procedure names P and a function type: A --> P such that an action a is
am invocation of the procedure named typela). |

To identify the data objects participating in an action, we introduce the uses reiation,
where l.'lse'lfa. d) is true whenever the action a uses the data ob ject d. Now we can define the set
of actions constrained by the instance of the path p associated with the data. object d to be
Ap.d - {ac Ajtypea) € S(p) A uses{a,d) ], whikh is just the set of invocations of the
procedures in the set S(p) that involve the data object d. We define the partial order
Sp,d = S| Ay 4 to be the restriction of < to the subset of actions Ao, d <Ap d+Sp, g> is then a
restricted history of the computation, describing only the set of actions constrained by p and using
the data ob ject d.
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A computation history <A, S> is defined to be consistent with a single path p if and only
if for every object d in the data type associated with p, there is an enumeration of the actions in
the restrﬁ:ted history Ap, d=1la; ag, -, a, ] such that aj<ag<..<a, and the word
w = type()) - type{az) * .. lype(a,) is a prefix of some word in the language L(p), where *
denotes concatenation.

A computation history is consistent with a parallel path p if it Is consistent with each
component of p, and a computation history is consistent with a connected path p’ if it is both
consistent with each component and if all of the procedures mentioned in p’ are pairwise mutually
exclusive. More precisely, if parallel-path(p). then a computation history <A, £> is consistent with p
if and only if it is consistent with p.al and it is consistent with p.a2. If connected-path(p), then a
computation hisfory <A, > is consistent with p if and only if it is consistent with pal as well as
p-a2, and in addition SP, d 1s a total order for each data ob ject d.

Parallel and connected paths are iflustrated in Example 2.

Example 2. P=P'Pp
Py = path a; b end
pPg = path a ;cend

L{py) = (ab)*

Lipg) = {ac)®
Ap d={ABC]

type{A)=2a
type(B) = b
type{C) = ¢

In this Example as well as in the following discussion, we discuss the Instance of the path
expression p associated with some particular data object d. In the particular history shown in the
- Example, there is only one action of each type that uses d. The legal orderings for these actions
are illustrated in Figure 2. Time flows from top to bottom: for two distinct nodes x and y, x < y if
and only if there is a dovwmwards path from node x to node y. Note that the histories Hy, Ho, and
Hg all have the same restricted histories le and HP2' Hy and Hy are also legal histories for the
path expression p’ = p) & pg. Hg is not consistent with p’, because A and C are concurrent, but p’
requires them to be mutualily exclusive,
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Figure 2. Some Legal Computation Histories for p

A A - A A A
| I /A | |

B C B C 8 c

| I

C B

H  H Hg Moy My

'38.2 Braoces

The abstract syntax for a path expression of Type 2 Is shown in Figure 3. Our main
concern n this Section is the formalization of Habermann's braces {8] We have omitted the & and
* operators, which present no essential diff iculties, n order to simplify our discussion. A path
expression { a ] requires at least one action of type a to occur before it can be pasied over, and it
allows an arbitrary number of actions of type a to occur oﬁn.cun-entty.

We first define the constraints imposed by a single path, in terms of a generalized
language. In the previous Section, we used the conventional definition of a language as a set of
words- over some alphabet. In this Section we will take a language to be a set of a:ycllc'directed
graphs, with vertices bearing labels from the alphabet S(p). The formal definition of function S
for path expressions of Type 2 is given in the Appendix (definition A2). A single path expression
free of braces generates a language containing only graphs that are chains (strict total orders),
which is isomorphic ta the regutar language defined in the previous Section.

Figure 3. Abstract Syntax for Path Expressions of Type 2

.patia-expresslml{p) <==> parallel-path(p) v path{p)
parallel-path{p) <==> p = <al: x, 0p: 7", a2 y> A path-expression(x} n path-expression(y)

path(p) <=«> p = <beg: "path", al: x, end: "end™> A pattern{x)
pattern{p} <==x» sequence(p) v cholce{p) v braces(p) v name(p)
sequence(p) <==> p = <ak x, op: ", a2 y> A pattern{x) A pattern{y)
choice(p) <==> p = al: x, op: "", 22: y> A pattern{x) n pattern(y)
braces(p) <==> p = <beg: "{", al: x, end: “}"> A pattern(x)

name(p) <s=>p € P

where P is the set of all procedure names.
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We will take a labeled graph G to be an ordered triple <v: G.v, & G.e, t: G.t>, where
GVvEeNis the set of vertices of G, Ge GGy X Gy is the set of edges of G, and where
GLGv->Pifa funn_ctlon‘ associating type labels from the set of procedure names P with the
vertices of G. We define the language L(p) as follows:

L{p) = if path(p) then (L{pai)*
else if sequence(p) then L(pal) << L(pa2)
else if choice(p) then L{p.al) U L{pa2)
. else if braces{p) then (1.(;:.:&))‘I
else if name(p) then single(p) -

where single(p) constructs a graph with one vertex labeied by p and with no edges, and where << is
a concatenation operator on graphs, « is analogous to the Kleene star, and N denotes parallet closure.
: Th_e_se operations are defined so that the set of edges of any graph in L(p) i3 a strict partial
ordering relation. ' |
The concatenation of twe graphs it a graph with two disjoint copies of the original
graphs, with additlpﬁal edges from every vertex of the first graph to every vertex of the second
‘graph. The vertices all bear their original labels. For example, in Figure 4 we have
G,p, = G, << Gy and Gy, = Gy, << G,, where all of the arcs are assumed o be directed ‘I'rom top
ta battom. The concatenation of two sets of graphs is the set of all pairwise concatenations of the
elements of th§ given sels.
If S.is & set of graphs, S* is the set of all possible repeated concatenations of elements of S.
“The = operation can be defined in terms of << as follows:

Figure 4. Exampies of the Graph Concatenation Operator <<

a ' ; a b b
| b b /1IN I\ /|
a - | a | | a|
|/ \] \/

b a
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$°= U s, where

120
- Sg={<{L}L{}>} {the set containing only the empty graph), and where
Sn-S<<$“'_ l'- - forn :\0.

The paraliel closure of a graph g is the set containing a graph consisting of n dis joint
copies of g. for every natural number n > 0. For cxample, the graphs Gy, Gogy Gg, etc. shown In
Figure 5 are all members of the set of graphs Gln. The parallel closure of a set of graphs is the
union of the parallel closures of the elements of the given set. The formal definitions of << and ||
are given by A3 and A4 in the Appendix.

A compbbatiun history <A, <> is consistent with a single path p of Type 2 if and only if
for each cbject d in the data type associated with p there is an enumeration of the actions in the
restricted hlsl:bry Ap,'d ={a, ag, ., 2, ] and a graph G with vertices le Vo, =, ¥ } such that
the following conditions hokd:

1. The t"yp'e label G.t(v}) is equal to type(a,) for each node v
2. For each edge from v, to v 1 in the graph G, a; < a;in the-computation history.
8. G is a prefixt of some graph in L{p).

The restricted history Ap, d 13 defined as in the previous Section. If parallel-path{p) (cf. Figure 3)
then a computation history is consistent with p if and only if it is consistent with p.al and it Is
consistent with p.a2,

' Example $ treats the readers-writers problem (3}, a weil known synchronization task. Many
varfations have been discussed in the tterature [7] but the basic problem is to synchronize many
[processes wishing to read and write a shared data base. Only one writer is allowed to modify the

Figure 5. Example of the Parailel Closure Operator ||

a aa a2 aa
| I i1
a a2 aaa
Gy | Gz G3

1. The graph X is a prefix of thegraph G iff Xy CGvAXeCGen Xte Gt A
(YneXv)(YmeGv)l<mns€ Gees>me Xvaanm e Xe)
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data base at any one time, and no readers may examine the data base while a writer is modifying
it. However, readers do not interfere with each other, so that any number of readers may examine
the data base concurrently. The path eixpmston Prw describes the above synchronization

requirement.
Example 3.  p,,, = path write, { read } end

Some of the graphs in the language L{p )} are shown in Figure 6. The arcs that can be deduced
from the transitivity property have been omitted to simplify the figure. The subset of L{p,,)
shown corresponds to mpuhtil:h histories with exactly two distinct write actions, separated by
some number of read actions on the same data base. Any computation whoss restricted history is a
-prefix of a gnph in this set is consistent with the path expression p,..

Braces can also be used in less obvious ways, as illustrated in Example 4 by the shared
stack problem. A stack is shared among many processes that can all perform push and pop
operations. Only one operation of either type may be performed at the same time, and furthermore
any attempt to pup an empty stack is to be suspended until some other process makes the stack

non-empty by performing a push operation. The path expression p. . describes the above
synchronization constraint. '

Example 4. Pstack = Pstack) ! P
Pstacky = Path { push ; pop } end
Pstack2 = Path push , pop end.

Pstack] guarantees that every pop is preceded by a corresponding push on the same stack ob jeci. $0
that the stack is never empty when a pop is performed, while pg, o establishes the mutual

Figdre 6. Soma Members of L(p,,,)

W H M
i /\ /N
r ror rreer e
! N/ \|/
H " "

G 1 I Gz Gg . . .
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excluslm omstnint. Note that all of the legal histories are total orders. However, the hanguage
over the alphabet ${Pgrack) corresponding to the set of legal historles is not regular, so that this
synchroniutlon constraint cannot be described by any path expression of Type I, A graph G in
LPgracky) 18 shown in Figure 7, as well as three histories H, Hy and Hq. These three histories,
together with the three more that are obtained by interchanging the subscripts, exhaust the set of
histories with two push actions and two pop actions that are consistent with G and with Pstack2"
Note that the graph G has two disjoint subgraphs.

Our definition of braces differs from Habermann's definition [9, 2} in that we do not
require the simultaneous executions of procedures in braces to overlap, while he does. Every
~ history that is legal with respect to Habermann's definition is legal with respect to our definition
{the implementation skeiched in [2) is consistent with our definition), but cur definition admits
some histories as legal that Habermann's definition does not. For example, the history H shown in
Figure 8 is not consistent with the path expression Pab = Patha; { b} end acrording to the
Informai description of braces tn (2), but & is a legal histery according te our definition, since the
graph G} corresponding to the history H Is a prefix of G2 € L{p,,). We have formulated our
definitions to eihlbit. the histories with the greatest amount of paralielism that satisfy the
synchronization constraints. An impluﬁentatlm must guarantee that the ordering constraints we
define are met, although It may introduce additional constraints if that Is convenient. However,
these additional constraints may vary from tnstallation to installation and from time to time, 5o that
programs should not rely on them. |

Figure 7. Some Legal Computation Histories for Petack

push push pushy pushy pushy

p-!'p p-!m ' poslal pur'shz puLhz '
PU;hz Polll Doilﬂz
PD!!lz Pogz Popy

G Hy Hz Ha
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‘Figure 8. A Disputed History

A]. a . a
/N - AL /1N
Bl Bz ' bbb bbb
N/ _ N/ ' \|/
By ' ' a a
! |
AZ b
H | Gl | G2

4. Axiomatios

In this Section we define the semantics of 2 path expression p associated with a data
ob ject d :in terms of a first order theory (181 We derive a sentence F(p, d)} from the path
expression p which serves as a non-logical axiom of the theory. Each model of the theory contains
a relation:f structure (A, <) where A is the sst of actions and X is the partial'order defined over A,
which is essentially a computation history, as defined above, The set of all finite models satisfying
the theory assoclated with a path expression is precisely the set of histories of all compputations
allowed by the path expression.

The abave formalism is chosen because it has been extensively used for proving properties
of well known synchronization problems [6, B, 12] as well as for proving properties of sequential
programs. This Section describes a method for deriving the predicates from a path expression
specification. In the next Section, the predicate is used to prove synchronization properties.

For simplicity, we first consider a subset of the path expressions of Type |, as defined in
Section 3.1, such that a prﬁcedure hame appears at most once in a single path, where a single path
is defined to be a path expression satisfying the predicate park of Figure .. We describe a method
for deriving a predicate F(p, d) corresponding to a single path p, and then we define the predicate
corresponding to a compound path expression in terms of the predicates corresponding to its
component paths. '

~ We know that the constraints on the order of invocation for the procedures in a'slngle
path p can be defined in terms of a regular language L{p) generated by the associated regular
expression Rip), _ov& the alphabet S(p). There i3 a well known effective method [1] for
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~ constructing a finite state acceptor which accepts the strings in the language defined by a regular

expression. The predicate F(p, d) for a single path p is constructed from M(p), the finite state
acceptor for the prefix nguage of L{p), the language containing all the prefixes-of the strings in

L{p). It can be shown that F(p, d) associated with a path expression p completely captures the

synchronization constraints due to P. in the sense that the set of computation histories for which
F(p, d) holds is the same as the set of computation histories consistent with p, so that the above twa
semantic definitions of a path expression are equivalent.

| We will define a finite state acceptor (FSA)} M as a quadruple <MQ: Mg, M, Mg >
where

MQ- a finite set of scates,
Ms» = a finite set of symbols calted the input alphabet,
M = a relation describing the transitions between states in MQ
(M-p € M3 X Mg X M) called the next-state (or tsansition) relation, and
Mqo - tl_r_e distinguished element of Mq_cailed the siarting staie.

In order to construct a FSA accepting all the prefixes of L{p), we construct the FSA
accepting L{p) and make every state in its state set a final state. Thus the set of final states in
M(p)-is the state set MQ: _ ‘

There is a distinct state in M(p) corresponding to every occurrence of a procedure name in
p- At we assume that a procedure name can appear at most once in a single path, there is a unique

state q, in M(p) corresponding to each procedure name t in S{p). Mip) also has a distinguished:

state, labelled _Mqo. distinct from the states corresponding to the procadﬁrc names in p, which is the

starting state of M{p), so that [MQI = I5(p)l + L. My, the input alphabet of M(p), is §(p), the set of
procedure names in p. The details of the construction are given in definition Ab of the Appendix.
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The FSA for the path expression in Example 1 is shown below:

Example 1 Continued. p = path a; (b, ¢) end

M(p) = (MQ My M, Mqo)_whm
ME - s(P) - { a, bc }!
Mg - {90 92 9t 9 b

'MT = { <a, 90, 93> <@, Gy, Go > A, Gor Gp > D Qg0 Gp> <G Q0 G )

M,qo =qg
The state diagram of the FSA M(p) is given in Figure 9 below.

4.1 Predicates for Single Paths

In this Subsection, we construct the predicate F(p, d) from the Finite state acceptor M(p)
for a single path p. A state in M(p) can be identified with an equivalence class of legat histories of
p. where two histories are equivalent If and only If the corresponding restricted histories are
equlvalent. Two restricted histories are equivalent whenever their last actions have the same type.

The starting state Mqo represents the equivalence class containing computation histories {n
which none of the actions is of a type in S(p} (i.e. their restricted histories are empty), while any
other state q, represents the equivalence class containing computation historles in which the last
é.cti;n in the corresponding restricted histories is of type L A computation history in the
equivalence class correspondiﬁg 1o qp can be extended by adding an action of type t if and only if
there is a transition labefled t from gy to g, in the state diagram, be. if <t, q, g, > € M. A legal
history thus drives the FSA to the state representing the equivalence class of which it is a member.

The predicate F(p, d) states that every history in the equivalence class g, must be a simple
extension of some history in an equivalence class qp, such that there is a transition from g to q, in
M(p). A history <A, <> is a simple extension of the history <A’, € if A'Q A, €' C £, there Is a
unique action a such thata € A - A’ and type(a) ¢ S(p), and the action a occurs strictly after every
action in A", This means that any {finite) legal history can be constructed from a null history by a

Figure 9. State Dialrﬁm of M{p)
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series of simple extensions, which corresponds to the sequence of transitions M(p) undergoes in
accepting the history.

In order to simplify our definition of F(p, d), we will assume that quantified variables
~ range over the set of actions restricted by the path expression associated with the data object d
throughout the remainder of Section 4. The treatment below Gan be made rigorously correct by
replacing all predicates of the form (Ya) [ P{a)] by (Ya) [ constrained(a, p, d) ==> P(a) ] and
replacing ;all predicates of the form (Ja)[ P(a)] by (Ja) [ constrained(a, p, d) A P(a) ) where
constrained(a, p, d) = type(a) ¢ S(p) A uses(, d). '

F(p,d) is expressed as the comjunction of predicates rq(') corresponding to every
non-starting state q; of MQ and the predicate Mitex(S{p)) stating that the actions of the types in
S(p) are mutually exclusive,

Fip, d) = Mutex(S(p)) AVl Al fqt{‘”
G € MQ' 'I M%}

Mutex(A)'s (V al. 22) [ { type(al) € A A lype(ad) ¢ A) en>{al Sa2v :2 < alpl

N l' denotes‘theconjtmcuonul‘a!‘amlyo!'formuhx[f le € A} indexed by the set A.
e€ A -

The predicate rqt(a) partially specifies the ordering constraints on an action a o!' type ¢.
This 4s done by enumerating the possible types of the action immediately preceding a in the
restrlcted.-history corresponding to a history in the equivalence class represented by q. The
predicate s the disjunction of the predicates corresponding to every transition from some gy into
' qt. If q, has a transition from the Isrnrtlng state M‘lo' an action of type t can be the first action in

the restricted history. In such a case, rqt is defined by

fq (al) = First (al, t) v { Vv Precedes,(t. al 1))
P <t, gp, Gy> € My
Flrstp(al t)=-~(Ja2) (a2 <al]

Precedes (t at, t) = lype{al) = t ==> (I 22) {22 —> alntypo(lz)-t }
a2-->pal=(a2<al)r\-v(313) [121:31\:3<al]

and otherwise
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fq a1 = ( v Pracedup(t'. al, 1))
t <t, I ®> € MT

V g denotes the dlspnﬁtlon of a family of formulas { f, | e ¢ A ]. The predicate
ec A '
Pracedesptt'. al, t) states that if al is of type t, an action of type t' immediately precedes al in the

restricted history (-:P relates an action to its immediate successor in the restricted history).

‘ It can be easily shown that Fp, d) holds for a history in which none of the actions is of a
type in 5(p) (i.e. the restricted history is Tuif). The predicate for the path expression of Example 1
is shown below. '

Example 1 Continued.  p = path a; (b, ¢) end _ {Please refer to Figure 9)

Fag (a0 = First Gal, ) v Prsc-doaptb. al, ) v Precedes.c, al,2)
f (al} = Precedes (a, al, b)
qc(al) = Precedes (a, al, o)

- Fip. d) = Mutex({a, b c D A (Valk [, (D) A Fg al) A fg (al))

It can be easily shown that the history corresponding to a string in

= { A, a, ab, ac, aba, aca, abab, .. } satisfies F(p, d), or equivaiently that the history correspondlng
to a strtng in L is a model of the theory generated by F(p,d). To Illusirate, we show' that the
hismry corresponding to the string aba in Figure [0 is a model Clearly, Mutex({ 2, b, ¢ }) holds as
all the actions are totally ordered. rqa(ai) holds as A, is the first action in H. rqa(Bl) also holds as
By is not of type a. fqa(AE} holds as Ag is of type 2 and an action of type b immediately precedes
Ao So fqa(alJ holds for each al in the history. Similarly it can be shown that fqb(al) as well as
ch(al) holds for every al. Thus E(p. d) holds establishing that H is a model of the theory

generated by F(p, d).. Any computation history with its restricted history corresponding to a string

Figure 10, A Model of Fip, d)

Ay type(A;) = a
|
Bl : tmtal] - b
|
As type(As) = a
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in L satisfies F{p, d)..
4.2 Predicates for Compound Path Expressions

- The predicate for a compound path expression can be defined in terms of the predicates
associated with each of the simple paths in it. The predicate F(p, d) for a path expression p with
paratel pﬁths (!} is simply the con junction of predicates associated with each of its components.

If parallel-path{p) then F(p, d) = l-‘{p.a_l.' d) A F(pa?2, d)

The predicate assoclated with a connected path p (&) is also the con junction of predicates
associated with each of the oomponents with an additional restriction that ali the actions of type in
S{p) are mutually exclusive (L.e. totally ordered).

If connected-path(p)
then F(p, d) = F(pal, d) A F(p.a2, d) A Mutex( S(pal) U S(pa2) )

Ex'mple 2 Continued. PP ! P2
P1 =patha;bend _
Pz - path ac end

The state diagrams of M(p;) and M(p,) are given in Figure Il below. The predlcates
corresponding to,M{p,) are:

Fq ! @l = Fi_rnlpl(al. a)v Procoda.p (b, a1, 2)
fqtl’(al} = Precedoopl(a. al, b) |

Fip) = Mutex{({a, b} a(¥Va)( fqaltal} A fal@an]
The predicates corresponding to M(p,) are:

rqz(al) = First_ (al, a) v Precedes_ (c, al, a)
a P2 P2
' fqz{al) s Precedes_ (a, al c)

c . P2

Figure 1. State Diagrams of M(p,) end M(pg)
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Fip) = Mutexi{a,c ) A (Y al) [ Fq2ah A fg2lal)]

F(p d) = F(p;) A F(pp)
= Mufex({ s, b ) n Mutexi{a, ¢ )
A(YaD [ ( Flrsl (al a)v Procm (b, al,ba))a (Fll'lt (al a)v Precedesp {c, al, a}}

A Precedn (a. aLb)a Procudes (a.al c}]

It can be easily shown that the histories H), Ho, and Hg in Figure 2 satisfy F(p,d). If
instead we had p’ = Py & p2 then the restricted histories should satisfy an additional constraint.
The predicate F(p') corresponding to p' is '

F(p, d) A Mutex({a, b,c])
H; and Hy utisfy F(p") while Hq does not as the actions B and C are not mutually exclusive.

4.8 Extensions

~ In Sections 4.1 and 4.2 we showed how to construct the predicate F(p, d) characterizing the
histories consistent with a path expression .p, assuming that each procedure name occurs at most
~once in the path expi-esslon p- A similar approach can be used for axiomatizing general path
- expressions of Type |, as outfined below. Handling braces {i.e. path expressions of Type'2) requires‘
_ substantial modifications to the method which are beyond the scope of this paper.

The construction of M(p) presented in the Appendix will work for arbitrary path
expression of Type |, provided that we associate a distinct state of M{p) with each occurrence of a
procedure name In the path expression p. Procedures that are mentioned mare than once will
therefore correspond to several different states. The construction is illustrated in Example 5 below.

Example 5.  p - path a; (b, a); c end

The corresponding FSA M(p) is
(Mg, Mz, M, M) where
My =5(p)={a,b,c},

Mg -1 qo.qa-qa 9 qc b
M ={ <a g0 93> <3, 4 q3> @, q3, 93>, <b, 4, G2, <€ ¢F, q>, <c.qb.qc> L
M, =qp .
Y0 . . )
- The state diagram of M(p) is given below in Figure I2. Notice that there are two states, q,
" and q;. corresponding to the procedure name a.
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'Figure 12. State Diagram for M(p)

The construction of F(p, d) is more difficuk than in the restricted case because we can no
longer uniquely characterize a state of the FSA M(p) by the associated procedure name, For a
single path p, F(p, d) is supposed to be true for a given computation history (model) whenever
there is some seé;uence of state transitions corresponding to the sequence of actions in the history.
We proceed by- assoclating a predicate fqt-(a) with each state ‘lt- which states the constraints a
hlstor)r must satisf y if the action a of type t drives the FSA M(p) into the state %

l-'(p. d) is the conjunction of Mutex(S(p)). the predicate expressing total ordering on the
actlons of  the type in S{p), and the predicates corresponding to each procedure name in S(p). The

predicate correspondlng to a procedure name t is the disjunction of the predicates associated with

the states corresponding to t, because a history ending in an action of type t will drive the FSA into
one of the states corresponding to t. )

- The predicate fql is the disjunction of the predicates associated with each transition into

" the state q; Let Lut-staiop(qt-. al, t} be the predicate stating that if al is of type t, an action of

type t' immediately precedes al in the restricted history and drives M{p) into the state G

| Last-statep{qt'. al, t) = typelal) = t ==> (1 22) [ type(a2) = ' A a2 —>  al A iqt,(li.') ]

P

If qp is the unique state corresponding to t', it can be completely characterized by the associated
type. In that case, the predicate F'recodesp(t’, al, t) defined in Section 41 can be used instead of

- Last -statep(qt.. al, t). If each cycle in the machine is broken by a state which is the only one of

its type, this recursive definition will terminate, as iflustrated for the path expression of Example 5
below,

Example S Continued. p =patha;(b,a);cend

I ! (an = FirstP(al, av Preﬁedc_:p(c. al, a)
fq2(al) = Last-state (q;, al, )
fqb{al) = Lmt-!tatep(q;. al, b)



30 Novemnber 1977 1700:24 -21- CSG Memo 153-1

fq (2l) ® Last-state (o al o v Precedes b, ai, )
F(p.d) = Mutex({a, b, c D A (Y ab) [ f,(al) A Fyfa) A ffal) )

where f,(al) & {g 1ap v f2al)
fplal) = f‘qb(al)

fal) = f qc(al)

Note that in this Example, there is a unique state associated with the procedure ¢, and that this
state cuts every cycle of M{p). Expanding all of the definitions we used in constructing M{p) wili
lead to a finite formula in terms of actions and thelr types.

. M(p) can' also have cycles in which no state can be uniquely characterized by a procedure
. type. Such'.a path expression is shown in Example 8, and the corresponding FSA Is shown in
Figure 13.

Example G.. - p=patha;a;b;bend

In such a case, we can no longer consider the formulas F,i to be abbreviations for formulas

_ , 9%
invelving only < because the process of expanding the abbreviations will not terminate. However,
we can throw in the definitions of the fq: as additional non-logical axioms. If this is done, these
axioms can be used in a proof to expand the definition of F(p, d) ay far as required. We have -

found this to be a convenlent framework for doing proofs.
5. Proving Properties of Path Hxpressions

One of the motivations For constructing a formal semantics For path expressions is the
desire to prove that the synchronization scheme specified by a path expression satisfies certajn
properties. We will be concerned with two kinds of properties: the invariance of a given assertion,

and liveness.

Figure 13. State Diagram for M(p)
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5.1 Invariantn

One wa; to increase the likelihood that a synchronization scheme meets a user's needs is tor
formulate a predicate expressing some user requirement, and to prove that it is always satisfied.
Such predicates, known as {nvariant conditions (22, 20}, are often easier to understand than process
oriented specifications, because they describe static properties of the aystem.  Therefore an
inappropriate invariant is more likely to be recognized as an error than an "simost correct” process
oriented specification.

-We will say that a property is an ingariant if i holds for all (finite) legal histories. The
rest of this Subsection is devoted to establishing a method for proving that a property is an
invariant

We define the preﬁx refation on computation histories as follows: h prefix b’ if and only
if h is a proper subset of h’ and none of the new actions In h' occur strictly before any of ‘the
actions in h3 It is easy to show that prefix is a strict partial ordering relation on computation
histories. The empty history is the least element of the set of ail finite histories FH with respect 1o
the prefix ordering, and in general any subset of FH has at least one minimal element with respect
to prefix, as is easily shown by noting that <A, <> prefix <A’, <> implies {A] <y JA’] since <y Is a
well ordering relation on the natural numbers N. This justifies the following (strong) induction
rule: from a proof of the statement (¥h) [ Y)W prafix h «=> P(h") ] ==> P(h) ] we can conclude
that (¥h) [ P(h) ], for any predicate P. .

A typical proof of the invartance of a property using this rule breaks up into cases. First
the property is shown to hold for the empty history, and then for non-empty histories, a maximal
action ap,,, is chosen, and a case analysis on the type of 2max oompleu; the proof. This approach
i.s illustrated in Example 7 below.

Exampla 7. . One sfot message buffer.

Consider the one shot message buffer data type presented in [I0l. A message buffer is used
a5 a communication link between several processes, all of which have access to the buffer. The
data typé' provides two operations: deposit, which inserts a message into the buffer, and remouve,
‘Which removes (and retutns) a message from the buffer. The buffer can hold at most ane message

5. Let h = <A, <> and h’ = <A’, €. Then h prefix h' Iff
ACA' A ~(A=A) A Sa(S|A) A (Vach)(Vach')[azc'al-.:azcA]
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at a time.

The p;ath expression p assoclated with the one slot message buffer data type is shown jn
Figure |4, together with the predicate F(p, b), constructed by the method of Section 4. We would
like to préw're that in any legal computation, no attempt wilt be made to remave a message from an
empty buffer, or to deposit a message into a full buffer. An assertion expressing this requirement
i _; :
Inv(b, h) = legakh) ==> 0 < #{deposit, b, h) - #{remove, b, h) < 1,
where b is a message buffer, h is a computation history, and #(t, b, h} is the number of actions of
type t using the data object b in the history h. The predicate legakh) means that the computation
history h is consistent with the path expression p, 30 that h is a finite model of F(p, b). The
invariant inv(b, h) says that no more messages havé been removed than have been deposited, and
~ that at most one more message has been deposited than has been removed. Note that Inv(b, h} is
expressed as a prnperty of a legal computation history, and that It is completely independent ¢."(-T
how the message buffer is implemented. The proof of the invariant is shown below.

Theorem: {¥h, b) { Inv{b, h) ]

Proof: By strong induction. Let h = <A, S».

Assume: (Vi) [ W’ prefix h ==> Inv(b, h") }

Show:Inv(b, h) ¢

Case 1:|A| = O .
then #{deposit, b, h) = 0 = #{remove, b, h)

Figure 14. Synchronization Constraints for the One Siot Message Buffer

path deposit ; remove end

F{p, b) = Mutex({ deposit, remove }} A Ya [ constrained(a, p, b) ==> Fyanngit{a) A Fremgye() ]
Fdeposit@) = F_irstp(a, deposit) v Precodesp(mnon. 2, deposit)
Fremove(d) = Precedes (deposit, a, remove)

Mutex(S) = (Y al, a2) [ (type{al) € S A uses(al, b) A type(a2) ¢ § A uses(a2, b))

: ==> {al £ a2 v a2 £ al}.)

Firstp(al. 1) = — {3 a2) { constrained(a2, p, b) A a2 < al ]

Precedesp(t'. at, t) = typelal) = t «u> (J 22) [ type(a2) = ' A uses{a2, b) n a2 ~>p al}
a2 ~>p al & (a2 <al) A = (J a9 [ constrained(a, p,b)na2 <a8Aas <al]
constrained(a, p, b} = type(a) € S(p) A uses{a, b)

S{p) = { deposit, remove }.
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Since 0 £ 0 £ |, we conclude that
. 0 S #{deposit, b, h) - #{remove, b, h) < |,
and hence hﬁh, h) holds.

Case 2: |A} > 0.
Assume: legaKh)
Show: 0 < #{deposit, b, h) - #{remove, b, h) S1 .
Since A is nonempty and Finite, there must be 2 maximal element with respect to <.
Catt it a. .
Then ~(Jal € A)[a<all
Since legak(h), h is a model of F(p, b).

Case 2.1: type(a) = depesit A usesla, b) :
From fdeposit- We get Firalp{a, deposit) v Prlc.dup(remon, a, deposit).

"Case 2.1.1: Firstp{a. deposit)
Since type(a) = deposit,
- {3.a2) [ type(a2) ¢ S(p) A uses(a2, b) A a2 <a 1
But = (dat € A} {a <al ]and Mutex(] deposit, remove }),
50  is the only action of type depasit using b,
and there are no actions of type remove using b.
#{deposit, b, h) = 1, and #{remove, b, h) = 0.
Since 0 < | £ |, we conclude that
-0 £ #¥deposit, b, h) - #{remove, b, h) £ 1,

= Case 21.2: Precedup(remov_e, a, deposit) _
- Since type(a) = deposit, :

Ja2{ a2 “pah usena, b) A type(a2) = remove 1
Choose such an a2,
ltB={xix€cAAa2%x] and
leth’ = <A - B, £ |{A - Bp.
By construction, h' is a prefix of h.
Since also 22 ~>, a, a and a2 are the only actions
of type deposit or remove in B that use b,
so #{deposit, b, h) « | + #{deposit, b, h"), and
#{remove, b, h) = | + #{remove, b, "),
Inv(b, h') holds by the induction hypothesis,
and legakh') since both legakh) and h' prefix h,
50 0 £ #(deposit, b, h") - s{remove, b, k) < 1. Since
#(depostt, b, h) - #{remove, b, h) = #{deposit, b, ') - #{remove, b, h'),
we conclude that
0 < s{deposit, b, h) - #{remove, b, h) < }.

Case 2.2:type(s) = remove A uses(a, b) .
From f o ove we get Ja2 [ a2 ~>p 2 A type(a2) « deposit ]
By the same argument as in case 21.2, we conclude that
0 < {(deposit, b, h) - #{remave, b, h) < {.
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.Case 2.3: ~ (type{a) < { deposit, remove } A uses(a, b) )
Leth=c<A-{a} <](A-{alp.
Since = {Jal € A)[a<al]
< h'is a prefix of h, legakh”), and Inv(b, ), yielding
0 < s{deposit, b, h") - #remove, b, h’} £ 1.
#{depaosit, b, h) = #{deposit, b, h"), and
#(remove, b, h) = #{remove, b, h’), so that
0 < s{deposit, b, h) - #{remove, b, h) S 1.

From cases 21, 2.2, and 2.3 we conclude that
0 < #{deposit, b, h) - #{remove,b, h) S |,
and hence Inv(d, h) holds,

From cases 1 and 2 we conclude that
Yh, b { Y [ ' prefix h =«> Inv(b, h") ] ==> Inv(b, h) ),
So by induction Yh, b { Inv(b, h) 1 as was to be shown.

5.2 Liveness

We will say that a path expression Is lio [cf. 11] If given any computation history <A, S»
consistent with the path expression p, there is a history <A’, <'> that is an extension of <A, <», 8
and which contains an action a, of type t for each t in S(p), such that a <' a, for each action a in A.
Ifa process constrained by a path expression is free from deadiocks, the path expression must be
tive. It is still possible for an uncooperative set of processes to deadiock a live path expression, but
‘there is no.stronger condition depending only on the path expression and not on the processes
invoking the operations constrained by the path expression that guarantees freedom from deadlock.
For a live path expression, there is always some legal path out of any potential deadlock situation,

~ but a deadlock can occor if no process actually invokes the next operation on that legal path.

Liveness is clearly a desirable property for any synchronization scheme; however, it is passible to

‘write path expressions that are not live, as shown by Example 8 below.

Example B.  path chicken ; egg end ! path egg ; chicken end

Since every chicken event must be preceded by an egg event, and vice versa, there can be no first
chicken {or egg) event, and hence there can be no non-empty finite histories.
A procedure for deciding whether a given path expression of type | i live is outlined

6. ASA'A{S=S|A)
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below. Lauer and Campbell [16) have proved that ail single paths are representable as live Petri
_nets.  Their result can be readily extended, ylelding that all single paths of our Type | path
expressions are live, as defined above. So we can limit our attention to path expressions with
multiple 'llaaths. .

The basic idea is to construct a cross product machine that will accept a language '
corresponding to the set of all restrictad histories consistent with each path in the path expression
P. Then p is live if and only if a cycle containing at least one transition of each type in S(p) is
reachabile from every state of the cross product machine that is reachable from the starting stage.
This characterization of liveness depends on the Fact that we require actions to be disjoint, so that
a procedure rconmined by a path expression p may not call another procedure that is also
constrained by p."l If actions are not required to be dis joint, then detecting deadlocks becomes more
dif ficult, because there will in general be additional ordering constraints due to the fact that some
events belong to several different actions. The above criterion can still be applied if the

“procedures are broken up into sequences of smaller actions that are in fact dizjoint, and if the path

We construct the cross product machine for the path expreision p from the finite state
acc‘eptors' for the single paths of p. Let single-paths(p) = { py. ., pa }. Where the function
sifiglepaths is defined as follows:

slngle—pa.ths(p) = if path{p} then { p }
else if connected-path{p) v paraliel-path{p)
then single-paths(pal} U single-paths(p.a2)

Recall that M(p;) denotes the FSA for the single path p; (for 1 < | < n), as described in Section 4.
The cross product machine M{p) is constructed as follows.
The set of states M{p}Q'is Just the croms product M(p,)QX - X M(p.,)q The input

alphabet M(p)y is M(p))s X .. X M{p,)y. which is the same a3 S{p,) X .. X $(p,). The transition
relation M(p)y is defined by :

7. Habermann does not impose this constraint, and one of the examples in [9) viotates it. Lauer

and Campbell [16] also do not mention this canstraint, but it is tmplicit in the Petri net model they
use.
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<t, ql, 42> € M(p)y <>
Yi[1S1€n == {(ti € S{p) A <ti, qld, q21> € Mlp)p) v (L1 = X A qld = g24))
- . AV][I.SanAt.iES{p’)--:l.j-l.i]]-

In other words, any component that changes must change via a transition of the FSA for that
component, aﬁd- if one component has a transition of type t, then all other components that have
the type t in their lnpuf alphabets must also undergo a transiton of type t. Components that do
not change have A transitions. The starting state M(p)qo is just M(py)g, X.X M{pag,

Some of the states of M(p) may not be reachable from the starting state. If this
construction is to be mechanized, it may be desirable to save time and space by constructing only

~ the states reachable from the starting state. Abio note that the above definition includes X
traﬁsitiunQ from each state to itself; these transitions do not affect the language accepted by the
machine, and hence can be deleted if that is convenient.

8. ; Gox_:olus_ions

The most impeortant contribution of this paper is the formalization of synchronization
constraints as a set of legal oomputatloh histories, which are viewed as partially ordered sets. We
have shown how the set of legal histories can be characterized by a set of axioms, and how the
finlteness of all legal histories can be described by introducing an induction principle. We have.
also clarified. the connection between an event based description of a synchronization constraint,
- and a descr!pi:ioﬁ based on ihﬁriant assertions: an assertion is an invariant if it is true for afl legal
computation histories. '

We feel that our approach can be readily extended to cover other, more eipressive
formalisms for specifying syﬁchronizauon constraints. For example, for a proper description of
priority requirements, a distinction between a request for an action and the set of events
constituting the execution of that action should be introduced. _

Our definitions also provide insights into the properties of path expressions that are no
as readily apparent from the infarmal descriptions in [2, 9, I0] or from the Petri net descriptions in
{16]. Qur definitions are consistent with and extend those of (16 1t is difficuk to compare our
" definitions to Habermann's informal descriptions, because they are not precisely stated, but some
differences are noted in Sections 3.2 and 52.

We have presented a well founded method for proving properties of  path expressions,
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which ean be usedto establish partial correctness results for programs containing path expressions.
‘Positive total correctness results cannot be established without additional assumptions about the
fairness of the ;chedulu'. which cannot be expressed within the path ekprmton formalism. We
have presented an effective method for deciding whether a given path expression is live, which
can be used to show that a path expression has a potential deadinck.
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Appendix - Technioal Definitions
'Deﬂnltion' A135(p) for path expressions of type I.

S(p) = if parallel-path(p) v connected-path{p) v sequence(p) V choie(p) then S(pal) U S{p.a2)
else if path(p) v star{p) then S(pal)
etse iIf name(p) then { p }

. Definition A2: S(p) for path expressions of type 2.

'8{p) = if paraliel-path{p) v sequence(p) v choice(p) then S(pat) U S(pa2)

. else if path{p) Vv braces{p) then S{p.al)
else if name(p) then { p }

Definition A3: The graph concatenation operator <<.

In order to formalize the notion of disjoint copies of a graph, we introduce the bi jections '
bp N.—> Npyep and b N> Nyyq defined by byix)=2x and bolx)=2x +1. The essential

- property of these bijections is that their ranges are disjoint, 50 that by(S)) and bo{Sg) are disjpint

sets, for any two sets of vertices (natural numbers) S; and 8y. We extend these bi jections to edges
(pairs of vertices) by the rule by(<x, y>) = <b(x), b{y}>, for i =1, 2. The <« operator is defined as
follows:
E<<h=0G I -
- Gv =bfgv)VU I':zlh_.v).
Ge = byige) U bz(h.e) U {by(g.v) X bz(h.v)),
S Gretgte U e byh,

Sl 4{52.{1|G_8( 81)(3,( 82)[2-3:«71]

where g and h are graphs, S; and Sg are sets of graphs; and where X denotes cartesian product.

‘Note that we are treating functions as sets of pairs, and that our convention for functional

composition is (f * g)(x) = flglx).
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Definition A4: The paraliel closure operator ||

ellaigrizey

g =g :

Bp = <bi(gv) U bollgy - Pv). bilge) U bolfg, _peh (g2 by ) U (g, pte byl)>
forn =1

slauis1@gesits =gl

where g ii a graph and where by and bzm defined a3 in AS.
Definition AS: M(pi for path expressions of type L

M(p) = <M, Mz, MT. Mg >
Mg =g lteS(p) U { My }
My = 5(p}

'In order to construct the next-state refation Moy, we define below two functions First and
Last for a single path with the power set of S(p) U { A } as their range, using the abstract syntax as
- defined in Figure L. First(p) gi\lvea the set of procedure names appesring as the first element of the
strings in the regular language L{p) corresponding to p (A is assumed to be the first elemédnt of A,
tbeJ empty string). Similarty, Last{p} is the set of procedure names appearing as the last element of
the strings in L{p) (A is also assumed to be the fast element of A).

First(p} = if path{p} then First{<alpal, op:"s"»)
B else if sequence(p) then
If A € First{pal) then (First{pal) - { A }) U First{p.a2) etse First{p.al)
else if choice(p) then First{p.al) U Firse(pa?2)
else if star{p) then First{pal)U { A }
else if name(p) then { p }

and

Last{p) = if path(p) then Last{<ak:pal, op:"s">)
else if sequence(p) then
if A € Last{p.a2) then Last(pal) ) (Last{p.a2) - { A }} else Last{pa?)
else if choice(p) then Last{p.al) U Last(pa2)
else if star(p) then Lastipal}U { A }
else if name(p) then { p }
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The transition refation M. is constructed as follows:
My = T(p)U b<t, Mo, gl t € (Firstip) - [A ] ]

.where' <2, Qe Qp> € Mo means that there is transition labelled t2 from the state qy4 to the state
Qeo in the state diagram of M{p). T is defined as follows:

T(p) = if path{p} then T(<alpal, op:"s">)
else if sequence(p) then
T(pal) U T{pa2) U { «2, Get Qo> |t € (Last{pal) - { )t P 2 € (Firstipa2) - { A D }
else If choice(p) then T{pal) Ul T{pa2)
else if star{p) then T(pal) U <t2. G Geo> Ftl € (Lastpal) - { A ]), €2 ¢ (First{pal) - { A ) }
else if name{p) then [ } .

Notice that M- only contains triples of the form «2, g, Go> where the input symbol is always the
index for the next state.
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